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Abstract

We develop the periodic orbit theory of Fourier power specta for chaotic
dynamical systems. The theory is tested numerically on seval 1-dimensionaf
mappings.

1 INTRODUCTION

We apply the transfer operator dynamical averaging technigqies to the evaluation of power spectra
of chaotic time series. The key idea is the realization that he periodic orbit description of di usion
introduced in refs. [3, 4, 5] can be interpreted as the zero gquency component of the power spectrum
of a chaotic dynamical ow; in this paper we generalize the diusion formalism to evaluation of the
power spectrum at any rational multiple of periods of short unstable cycles of the ow.

discus here invariant averages (Lyapunov, dimensions, eff vs. non-invariant ones, such ash;i.

2 DYNAMICAL AVERAGING AND TRANSFER OPERATORS

Let (;x ) be any \observable" evaluated on a trajectory
X+ =f(X) (1) fig

of a dynamical system. The simplest example of an such obsealle is the trajectory itself, (;x )=
x . If f(x) generates a chaotic time seriex , we can think of (;x ) as executing a random walk,

driven by external \random number" sequencexg; X1; X2;:::;X¢. The cumulative e ect of the random
walk for a given initial x is given by
K1
(x) = (X );  Xo=X: (2) ficg
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If is bounded, andf (x) generates a bounded time series for all initial conditionsx 2 M, a compact
region in the \phase space" of the dynamical system, '(x) cannot grow faster than t, and it makes
sense to study the \drift velocity" of (;x ),

1 t

“(x) = Iti!rln i (x): (3) ftim_aveg

and its higher moments [7]. However, the time average (x) is in general a wild function of x; for a
nice hyperbolic system it takes the same valueh i for almost all initial x, but a di erent value on
any periodic orbit, ie. on a dense set of initial points. Hence for chaotic dynamicakystems robust
averaging requires also averaging over the initiak. We shall denote average over the \phase space"
x2 M by h::i. The expectation valueh i, the asymptotic time and space average is given by

1 Z Z
hi = — dx (X); iMj= dx
] ()Z M|
1Xt g _ _
= tll?] n :OjM—j dx (;f (x)): (4)

Consider the expectation value

b E i t
e = — dxe ®™
iMj
= JMiJ ddy (v flxye 09 5)

Here s an auxilliary variable, useful for evaluation of the moments K Thet!1l limit of such
averages can be related to the eigenvalues of transfer opaoas [1], in this case

L'y = e " (y i) 6 (8 g
If the limit (4) exists,
(@ ez
Jim e 1 elRl) (7) f2g
also exists, with Q( ) given by the leading eigenvalue ofL!, o = €Q(). For =0, the operator
(6) is the Perron-Frobenius operator. If the system is closd, probability conservation implies that

the leading eigenvalue is exactly o = 1, and consquently Q(0) = 0. The averages such as (4) are
recovered by evaluating derivatives ofQ( ) at =0:

@Q S
@ , _ "MEiry oo ©)
2 t 2

@? = lim ) : 9)

@° _, tia t
and so forth. For example, for j(x) = x;(t), hxi = 0, the spatial di usion constantin i =1;2;:::;d
spatial dimensions is given by [3, 4, 5]

1@ _ . 1 X .
P ez , - WMa MO (10) f3g



2.1 Trace formulas

Extraction of the spectrum of L commences with the evaluation of the trace

X
trLt = =~ dxe ‘® (x fix): (11) f(10) g
=0

For discrete time and hyperbolic dynamics we obtain [1]

t
e i

'[I’Lt: —I'
ftJdet 1 35

Xi2Fix

Using the property of additivity of observable ! along a trajectory, we can reduce the sum to the
sum over prime cycles off

trLt = * X L LI S = P(Xi):Xi2p (12)
2 P idet 1 Jp ] P o

where the sum is over , periodic points x,., of all prime cyclesp whose period j, divides t, Xp;m is
the m-th point on the cycle, and J is the cycle stability matrix. Jp, = Df ?(Xp;m) is, by the chain
rule, independent of the starting point x,:m. For continuous ows the trace formulas (sect. 6.1) are
of the essentially same form.

The Fredholm determinant associated with the trace formula (12) follows by the usual resumma-
tions [2]:

X e
F = det(I e Q)L)=explirlog(l e CL]=exp —trL
1 t=1
X X Q( ) pr+r
= exp @ € " p_ 1 - A (13)
02P r=1 r jdet 1 Jp i

The equation F( ; Q) = 0 implicitly de nes the function Q( ). Thus the derivatives (8),(9) we are
looking for can be calculated as

@F
@Q. o
S

@ @Q :Q:O

etc.



2.2 Cycle expansions

The as(3ociated with the Fredholm determinant Ruelle function is obtained by replacementjdet 1 Jj j!

p = o pe the product of the expanding eigenvalues ofl, (see ref. [2] for details):
Y
1= (;Q) = 1 tp)
p2P
1 Q
tp = ——e P L (14)

Again, the function Q( ) of (7) is the largest solution of the equation = (;Q ( )) = 0 which is
equivalentto F( ;Q ( )) =0. This replacement is also correct for continuous ow [10], trace formula
(65).

The above in nite products can be rearranged as expansions ith improved convergence properties
[2]. The function is expanded as a formal power series,

Y X o
(1 t)=1+ Lt pips:pgs
p fpip2:pkg

( D¥tpytp, ity (15)

=
1
1

Lt pipoipeg

where the prime on the sum indicates that the sum is over all ditinct non-repeating combinations of
prime cycles. Fork > 1, tfp,p,::p. g re \pseudo” cycles; they are sequences of shorter cyclesah
shadow a cycle with symbol sequencpipy:::px along segmentsps, p2;:::, pk. For su ciently small
z = e ? the sum makes sense as a power seriesan

2.3 Cycle formulas for dynamical averages

The implicit de nition of Q( ), 1= (;Q ( )) = 0, together with the expression for the variation in
cycle weight (14) as function of , Q

tp:( p(!) pQ)tp;

yields the cycle expansion forh i

@ ! Po
hi= @Q_ @ _ 5 fpwpaupkgtfpipeiipeg.
R =R e w—
@Q fpip2::ipk gtf pip2:iipk g
fppeipkg = it ope t pes fpipzipkg = Pt P2 T opes (16)

and similarly for the higher derivatives of Q( ), such as for the di usion constant (9)

@ ! P . .
2D = @Q - @2 _ DO( 1)( p t + pk)2=J P1 pi)

@* @@(; IR mt  t p)Idop |

(A7) fcexpg




(in writing (17) we have assumed that h i = 0, otherwise a more complex expression with the
derivatives @( 1)=@ @Qome in play), and with sums as in (15). Formally all such aveages
are of formh i = h i =h io, but note that this average in not the one one would naively wite

down [15, 6] using trace formulas; this is not an approximatesum from partition of the phase space
into neighborhoods of all periodic points of periodt, but an exact sum over all prime cycles, with
prefactors ( 1)K ensuring curvature cancelations.

3 FOURIER SPECTRA

3.1 Averages over Fourier transforms

If we chose as the \observable" (;x )= €2' (x ), the sum (2) becomes a Fourier transform

1
tix)=  €%' (x); Xo=X; (18) ffou_tran g
=0

and (4) becomes the space-averaged Fourier transform of thigme series (xg), (X1), (X2);:::,

h (1)i = lim 1k dxe'?!  (f (x): (19) fexp_fou_tr
Pl =amS . M : exp_fou_tre
In a chaotic system the space-averaged Fourier transform wslly vanishes because
2% 4t 0o
iMj

does not depend on . To obtain a non-vanishing quantity, we have rst to take the absolute value
of the Fourier transform, and after that to perform the averaging. In this way we immediately come
to the power spectrum of the process:
K1
jfMiE =t 1] j=c( )e? (20) fpow_speq
= t+l

whereC(m)= h (x ) (X +m)i is the space-averaged time correlation function.

Generally, a power spectrum of a chaotic observable consistof a broad band noiseS(! ) and of a
discrete spectrum (! ) which correspond to two terms in the time growth rates of j (! )j2 :4

i Y )+ ts(): (21) f11g

Comparing with (9), (10), we see that %S(! ) = D(!) is nothing else but the di usion constant for
quantity '(!), and ( !)is the drift term. With this interpretation of the observab le ' we can hope
to obtain the power spectrum from the derivatives of the corresponding leading eigenvalu€( ) like
in (9). However, in oder to be able to apply the trace formulasmachinery, we need ! to ful Il some
requirements, such as additivity along the trajectories ard periodic orbits. As we show below, these
requirements are valid with restrictions.

4Strictly speaking, this time dependence can include powers of time di erent from one and two, in this situation one
speaks on singular continuous spectra [].



3.2 Fourier cycle weights

The main di culty in applying the trace formulas to the Fouri er transformsis that in the former one
needs additivity of an observable along the trajectory of a ¢namical system. Let us look how the
additivity can appear in the Fourier sum.

Evaluated on the rth repeat of a prime cycle p having period ,, the Fourier sum (18) factorizes into

1

. X+
r p(!)eIZ!m ;_L eI2! pk; (22)
k=0

"P(IX pm)

1
€2'  (xp: ): (23)
=0

p(")

The sum in (22) takes values

8
1X1 _ <1 if p! = integer,
- e?! k= if ! 6 integer;; r ! =integer; : (24)
k=0 O(=r) if r ,! 6 integer:

Inthet=r ,!1 limit the O(1=r) terms vanish, and the sum (18) evaluated on therth repeat of
a prime cycle p projects out all frequencies! which are not harmonics of the prime cycle frequency
1=

r pe 2™ if 1 = integer

r |- . H
"X pim) 0 if ! 6 integer (25)  fPhi_omy

This formula can be interpreted in two ways. Let us rst x the periodic orbit under consideration,
i.e. X p. Then, this orbit according to (25) gives non-wanishing weghts for frequencies in; %; i
This means that the orbit \contributes" to the power spectru m at those frequencies only, which
frequencies can be presented in the spectrum of this orbit. Athe other hand, let us x a frequency
I'. If this frequency is irrational, no periodic orbit \contri butes" to it. If the frequency is rational
then all orbits with periods q;2q;3q;::: contribute to the power spectrum at this frequency.

=1
! ol
Therefore, we have to consider the rational frequencies onl From (24),(25) it follows, that for these
frequencies also the additivity of the Fourier weight alongthe periodic orbit of the dynamical system
holds, provided the periods of orbits satisfy the relation ,! = integer. To ensure that only such
orbits come in play, we can do the following: given a rationalfrequency! = %4 let us consider the
g-th iteration of (1):

X +q=f9x) (26) f1lqg

and as an obversable let us take

X1
@(x )= €2 (X 4) (27) fphigg
t=0



Then the Fourier transform (18) for this frequency reduces b the sum (2), and the trace formula (12)
is valid. After nding the di usion constant for (26),(27) o ne should not forget to divide it by g to
get the di usion constant in the original time scale.

A small modi cation of the trace formula is still needed, because our observable (27) is complex,
and we want to average the square of its absolute value. To dohis it is convenient to consider the

auxillary variable as a complexone = | +1i j, and to average in (5) the real part, so that instead
of (7) we write
P Re( t)E P Re( 1) i Im¢ ‘)E 1Q( )
tI!llm e = tIIEn er ' I e (28) f2rg

The di usion constant can be then represented through the deivatives °

g, dq

@? . ., @2 . f miE =s0): (29) f4bb-reim g

3.3 Cycle expansions for power spectrum

AP: calculations in this section not rechecked

In view of discussion above we have to apply the main cycle exgmsion formula to the g-th iteration
of the map to nd the power spectrum at frequency ! = IG This means that index p in (13)-(17)
counts all prime cycles of the mapf 9, not of the map f . The main formula of cycle expansion of the

power spectrum now reads

RE TR j
S(') = Pg—v P1 el 2 P1 P (30) fcexplg
( (ot * pd)3A m P
Here! is rational ! = 'a; p are prime cycles of theg-th iteration of the map, and , are (complex)

Fourier sums along the cycles calculated according to (27).

As all the prime cycles of the mapf 9 stem from cycles of the original mapf , it is instructive to write
the corresponding -function. It is clear that we should divide all primary cycl es off can be divided
in two classes:

1. To the set P4 belong all primary cycles off having periodsq; 2q; 3q;:::. They appear for the
map f 9 as primary cycles of periods 12; 3;::: correspondingly.

2. All other primary cycles of f with periodsr 6 n qalso appear as primary cycles of 9, namely
as periods cycles wheres is a minimal integer satisfying together with another integer m the
relationr m=s ¢

SWe assume ' =0, what means that there is no discrete spectrum at the chosen frequency. For zero frequency

this can be ensured by chosing the observable (x) having zero mean, for other frequencies this is ensured by mxing
properties of the system. For a special consideration of non-mixing case see section 4.3 below



Next, we note that to each primary cycle p of f of type 1 (having period ) correspondq cycles of

f 9 lying on its trajectory. The factors , for these cycles dier by the phase shifte'? lﬁ‘. Thus, to

each such cycle corresponds a product

Y 1 i21
@ tw)  ty= e S
i=0 J pl

For a cycle of type 2, the Fourier weight vanishes according @ (25). It is equivalent to setting
= 0 at the corresponding t,. Due to remaining additivity of the periods and multiplicat ivity of the
multipliers, we can write the contribution as

@ (o)™

where the zero argument means that here e ectively = 0. As a result, we can write -function for
the calculation of power spectrum at frequency! = %4 as

1 Y vt Y
- = 1 ty) (@ (tO)™) (31)
p2Pq j=0 p2P g

4 APPLICATINS TO 1- d MAPS

There exist maps - typically 1-d piecewise-linear maps - for which the natural measure is auable
in closed form. As for such maps the power spectra are known atytically, we can use them as
benchmarks for tests of cycle expansions. We start with two mps whose symbolic dynamics is
described by the full (0,1) binary shift, ie. all sequences of \0" and \1" are realizable: the Bernoulli
shift and the skew tent map. C. Beck has further results for the Ulam map, based on the Chebyshev
polynomials method of ref. [13]. While the cycle expansionsio not appear to be convenient for
rederivation of the analytic results, they converge fasterthan exponentially in numerical evaluations,
and are also applicable to generic ows, where the natural masure is not analytically available.

4.1 Bernoulli doubling map

For the Bernoulli map f (x) =2x mod (1) the natural measure is (x) = 1. Taking the observable

= x hxi =x 1=2 we obtain the variance
Z,

1 1
C(0) = hxi)2 = d )= = 32
©= (x hx)? = dx(x 3)*= 5 (32)
and the correlation function is
C(m)= hx; hxi)(Xt+m hxi)i = %22 m: (33)
The power spectrum follows from (20),(33)
1 1
I - -
St 45 4cos?2! (34)

fzetafreq g

fcorrel 0 B

fcorrel B g



We shall compare this exact solution with the values obtain& from cycle expansion.

The periodic points are easily computed according to the geeral formula:

o _ 2k 1 1+ 2k 2 o+ +
Xiompg=rt1270 k= X 1
and are presented in the table.
Symbols | x pfort =0 | ,for! =1=2| ,for! =1=3
0 0 -1/2 0
1 1 1/2 0
01 1/3 0 -1/3
10 2/3 1/3
001 1/7 (1+2 +4 %=1
010 2/7 -1/2 2+4 + =7
100 4/7 4+ +2 3=
011 37 3+6 +5 ?)=7
110 6/7 1/2 (6+5 +3 ?)=7
101 5/7 (5+3 +6 ?)=7
0001 1/15 -1/3
0010 2/15 1/3
0100 4/15 | -1
1000 8/15
0011 3/15 |0 0
0110 6/15 0
1100 12/15 | 0
1001 9/15
0111 7115 -1/3
1110 14/15
1101 13/15 | 1
1011 11/15 1/3

4.1.1 Spectrum at zero frequency

Here we have a trival calculation of the di usion coe cient, based on the prime cycles of the Bernoulli

map. It is convenient to rewrite the general expression

S(0) =

p
@Q_ U D(pt pt

+

0)°=( p1 pd)

@2

"X Dk, + np, +

+ npk)zz(j pl pkj)

(35)

(36)

fper_Bg

fratl g



in the form making compensation of contributions of di erent cycles evident. This form follows

immediately from the product (15)
Y
0= (1 t
p
=(1 to)(1 t1)@A t)(l to0)(d  tio1)(I  tipo0)(1  tioo1)(1  trorr):::

=1 tyg 4,

(tio  tato)

(tioo tioto) (tior tiots)

(tiooo tiooto) (taoon tioots) (tzoar  taoats) + taoato  taottito

Noting that the denominator in (36) is a frequency independet normalization constant

X
Coplet Tidop 2 Jer Je 1 el g8 9 g8 Al

J p ij 2 2
we can rewrite the power spectrum at zero frequency as
1 5 2
— +
508+ D

o Cot )
:—;[( fo (10t 0H+( %01 (10+ 1))
1_16[( Joo0 ( 100+ 0H+( %001 ( 100+ 1)7]

1_16[( P11 (100t 13 (( 100+ 0? ( 10+ 1+ 0)?)]

Here we should insert the values of , presented in the table. We this obtain for the numerator

b
20 0

UG DG )
S D+ o)

1
=@ D © o+
1

4

Here we have a perfect cancellation. The resulting value ofpsectrum is
1
S(0) = =
©=3

in accordance to (34).

10

(37)

(38)
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4.1.2 Spectrum at frequency 1/2

Let us consider the second iteration of the Bernoulli map. Fo this iteration the Fourier sum according
to (27) is
@x)= (x)

(X +1)

is a function of the state space which is additive on a trajecory. Thus, one can apply the cycle
expansion for di usion to this map. There are four basic symlols

a=00; b=01; c=10; d=11:
We write the product (15) as
Y
0= 1 tp
=1 ta))1 )T )Tt tap)(l  tac)d  tad)(T  th)(l  tha)(1  teq) ii
(tab tatb) (tac tatc) (tad tatd)
(tbe  tote) (tbd tota) (teca tcta)
(39)
where
e » Qnp
tp= ——, p=Xp TF(xp):
p
The di usion constant is
Po .\« 2 ,
+ + + =
@ COMp+ Nyt +1p)%=( 1 )

where the factor 2 on the left hand side appears because the dsion is calculated in the new doubled
time.

The denominator is

0( 1)k(nF_)1 + + n_pk)

(41)
) piJ

- 11 11
T4 4 4 4

1

—@2 2

16( )
+ = 1; (42)

11

frat2 g
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The values of | are presented in the table We substitute this in the numerata:

1
R

% Cat 9940 % (at 9940 % (at @7
S8 (ot (B (ot @)+ % (ot o
= ZO+(7+(57+0)

1.1 1 1 1

HIG? I+ @A+ )]

1.1 1 1 1

HIG? GBI+ @A+ 0]

1

= 18 (43)

As a result we obtain the correct value of S(1=2) = 1=36 and a perfect cancellation of higher-order
contributions.

4.1.3 Representation of cycle formula for period 1/2 throug h the basic prime cycles

Because the cycles of the time-2 Bernoulli map are not the oginal ones, it is instructive to represent
the cycle expansion in terms of basic prime cycles of the Bewulli map.

Because the dependence on in t; and ty disappears, we can write

ta(Q; ) = ta(Q;0) = too(Q; 0) = t3(Q;0)  ta(Q; )= t11(Q;0) = t3(Q; 0)

For the product of two remaining terms we obtain
1 )@ t)=1 toa(Q; ) t10(Q; )+ tor(Q; )t1o(Q; )
=1 ta(Q ) to(Q; )+ t5y(Q:0)

Where we have used the property g1+ 10 =0 (which can be written also astp1(Q; )= t(Q; ))

Analogously, we can write

tan(Q; ) = tooor(Q; ) = too1o(Q; ) = tac(Q: )
tad(Q; ) = too11(Q; ) = to110(Q; )= th(Q; )
tha(Q; ) = 10122(Q; ) = t1011(Q; ) = tea(Q; )

and the product of primary period-4 cycles appears as

(1 tab)(l tac)(:l- tad)(l tbc)(l tbd)(l tcd)
=(1  tooos(Q; ) too1o(Q; )+ thopa(Q;0))

(1 too1a(Q; ) tor10(Q; )+ t§o12(Q;0))

(1 toua(Q; ) tizoa(Q; )+ t3112(Q;0))

12



Finaly we obtain

0= Qo)1 tHQAUONL toa(Qi ) t1o(Q: )+ t§1(Q;0)
1 toooa(Q; ) too1o(Q; )+ thooa(Q 0N toorn(Q; ) to1ro(Q; )+ t5o11(Q;0))
1 tonna(Q; ) tioa(Q; )+ t§111(Q;0))
=1 t3(Q;0) t3(Q;0)
to1(Q; )  t10(Q; )
tooor(Q; )+ t§(Q;0)tos(Q; ) too10(Q; )+ t5(Q;0)t10(Q; )
too11(Q; ) to110(Q; )+ t5(Q: 0)tI(Q;0) + 15,(Q; 0)
t1110(Q; )+ t5(Q;0)t10(Q; ) t110a(Q; )+ tE(Q;O)tor(Q; ) ::: (44)

One can see how the cancellating terms appear in the cycle eapsion.

4.1.4 Spectrum at frequency 1=3

Here we have to coinsider the 3rd iteration of the Bernoulli map. It has 8 primary xed points

a=000 b=001 c=010 d=011 e=100 f =101 g=110 h=111

corresponding to the orbits in the table. Denoting = e'ZT, we write also the corresponding values
of in the table.

Analogously, there are 28 primary cycles of period 2 (perioé orbits for the Bernoulli map) labeled
as

ab=000001 ac= 000010

Writing the zeta-function as

Y
0= (1 tp)

(1 )1 I o)A ) t)d )T (1 th)
(l tab)(l tac)(l tad)(1 tae)(1 taf)(l tag)(l tah)
(1t tea)(d  ted):ii:
=1 ta tp tc tg te tf tg tj
(tab tath) (tac tatc) (tad tata)
(tae tate) (taf tatf) (tag tatg) (tah tath)
(tbc  totc) (tba tota) (tea tcta)
(45)

The cancellation is evident.

Because , are complex, we have to sum complex values of , along \pseudocycles", and to take the
absolute value square of thisn sum:

p
@ , @Q _ UVt pt * plf ;) (46)
@Re )2 @m )2 C DM+ np v +p)2=( p1 p,)

35(1=3) =

13

frat3 g



where the factor 3 appears because the di usion is calculatéin the new tripled time.

The values ofj pj2 are the same for all cyclesh::: g

o - . 1
I R N RS I =
while foraand hj 4j=] nj=0. The denominator in (46) is 1, and we obtain
1 11 1
SIN=367 35"

in accordance with (34).

Next we represent the zeta-function in terms of primary cycks of the Bernoulli map. From the cycles
above the following are primary cycles of smaller periods:

ta = tooo = t5(0) th = ti1 = t5(0)
ter = to10101 = tgl(O) tic = t101010 = tfo(o) (47)

Here we have written the argument to show the absence of-dependence in these terms.

The product (15) can be written in the terms of primary cycles, in the following we goup the terms
according to their cancellation.
0=1 t3(0) t(0)
toor too tioo to1r tio tioz

+( tooooo1+ tatoor) + ( toooozo+ tatoro) + ( toooioo+ tatioo)

+( toooorr + tato1r) + ( toooito+ tatiz0) + ( tooi100+ tooitioo)

+( toootor+ tatior) + ( toozoi0+ tooitoio) + ( toior00+ torotioo)

+( tooorrr+ tt3) + ( toor110+ tooit1z0) + ( toi1100+ to1tioo)

+( tooro11+ tooitorr) +( toror10+ toiotazo) +( tao1100+ tioitioo)

+( toor101+ tooitio1) + ( toizo10+ toiatoio) +( tizoio+ tizotioo)

+(torotio1  t9y) *+ (troatoro  t3p)

+( tourzo1+ torrton) + ( tizzoro+ titoso) + ( tizoso1+ tazotion)

+( toor111+ titoor) + ( torrrz0+ torstizo) + ( tizzzc0+ titioo)

+( torrnan+ titorn) + ( tarnso+ titzzo) +#( tizzsor+ tition)

+ (48)

4.1.5 Obtaining full spectrum from cycles

As we have seen, all higher contributions cancel, so it appea that the spectrum of the Bernoulli map
can be fully represnted in the form of primary cycles.

Consider a frequency! = p=g The primary cycles here are all cycles of periodj, such cycles can be
written as

- e _ q

14



The Fourier weight for this cycle is

i2 B i2 B
i2 L2 q(q 1)X

122:Zq=X12:Z:q+e qX23;;;q1+..Se

Substituting (49) and regrouping the terms we get

i2 B i2 B i2 B
=_4 1+2e? a+4€? a%+ +24 1d2 q@ 1)

1230 q 2q l
i2 P i2 P
+ q 1l 2+4e'2q+86'2 q2+
24
i2 Psg 1
:Xl s€ ¢ X okel2 §k
291
S=q k=0

i P
X1 e i2 5s

= 2 B
s=ql 2e° a

The power spectrum is the sum of squared absolute values of #se terms:

5 p) 1 1 X xa
g’ q25 4cos2?®
a a €082 q all cycles s=1

where the sum is over all combinations of the symbols (A, i.e. the number of cycles is 2

AP: It appears that

1 X 1 X i2 ps, 1
ﬁ Jﬁ_q s€ o= 2
all 29 cycles s=1

but | cannot proove it.

4.2 Skew tent map

6 The skew tent map

o ax if 0o x al

F() = 20 x) ifal x &

q1iig

io P
+ e|2 q(q 1)

. i2 Ps.
iose e

(50)

is another example where statistical properties can be obtiaed analytically. The correlation function

was calculated by Grossmann and Thomae [11]:

; s 1 2 a
C(m)= h(x¢ hxi)(Xgem hxi)i = TS
The power spectrum is
1 a 1
1y = =
st) 6a(a 2)(L+cos2! )+2
1 a 1
SO = a1 SA@= g
1
1y = — —9.
S(t) 5 for a=2:

6PC: this calculation should be done more analytically?
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Consider rst the zero frequency case! = 0. In this case the Ruelle zeta function

= =1 t9@ t1)(@ to)@ toor):i=1 to t1 [tor totg]i:

consists of the fundamental part and curvature corrections and calculation of di usion constant is
straightforward. Stability of a cycle with ny, repeats of symbol 1 is , = a™=1 a)"»!. The
probability conservation follows trivially from 1 5 ogj+15 ij=1=a+(a 1)=a=1 (all curvatures
vanish for this peacewise-linear map), and the denominatorin (17) is simply 1. For = 0 the
Fredholm determinant is given by

i i .Z.2+% =(1 2 1 22 a
Joo )1 I o J a
The leading eigenvalue is 1, by probability conservation; he second eigenvalue controls the exponential
fallo of the 2-point correlations, 1= a=2 a), in agreement with (51).

F= 1

(53)

The periodic points are easily computed:

Xo=0; Xx1= a . X10 = &’ T Xo1 = a ;
0 ; 1= o1 0= B a1 1= B a 1
X001 = a X010 = o X100 = G
001= S35 7 X010% g7 X105z
X011 = a X110 = & X110 = & a+a (54)
011 = 110 = 110 =
a3 a?+2a 1 a3 a?+2a 1 a3 a?+2a 1
For a = 2 we have:
Xo=0; X1=2=3; X01=2=5 X10=475 Xoo1=279; Xo10=479; Xi00=8=9;
Xo11 = 2 :7; X110 = 4:7; X101 = 6 :7; L (55)

(the general formula is given in the appendix). Even though he power spectrum is given explicitely
by (52), the cycle expansion does not reproduce this expreiss in any obvious form; (17) yields ’ 8

1,1 a 1%a 1
= )+ = R
S(0) =0 2) a 2a 1 2 a
.\ a @ 12a 1 a 12a 1,
a?+a 1 a?+a 1 a2 2a 1 a?
1 a 1
= 4+ —
4a  4(2a 1)%a
a 1 (a 1)°
+ 56
a2(a2+a 12 (2a 1)2a? (56)
a(a 1)
1=2) = = .
01(1=2) Xo1  X10= 5 ——!
1) L
S(1=2) = (@ 1) + 4-cycle contributions (57)

(@2+a 1)°

"PC: these calculations not rechecked.
8AP: not recheked either
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We see that there appears no evident cancellation of the cyek of di erent periods. Even in the case
a = 2 there is no such cancellation, as one can see from the sesidor the S(0):

SO =[5+ 5 ]+[4125 914

]+
8 89

Nevertheless, numerical summation of the series shows upa@ convbergence to the analytic formula
(52).

The result is given in g. 1, with g. 2 illustrating the conve rgence with maximal cycle length trun-
cations. We have also checked that for the Ruelle zeta funatins convergence is exponential, and that
for the Fredholm determinant the convergence is faster thanexponential. °

4.3 Pruned symbolic dynamics
fsec:psd g

If the symbolic dynamics is described by a subshift of a nitetyBe, cycle expansions converge well [2].
An example is given by the tent mapf (x) =1 ajxj,a=(1+ 5)=2. This value of a corresponds to
the 001, 011 3-cycles bifurcation value, with the symbolic dynamicsgiven by a simple pruning rule;
the repeat _00_ is forbidden. Fig. 3 shows the numerical power spectrum evakted by means of (17).

Di cultiea can arise if the system is not su ciently mixing.  For example, the tentmapx+1 =1  ajxqj
fora= " 2 has two nonoverlaping bands. The system is not mixing, andhe power spectrum contains
a delta-function peak at! = 1=2. In the symbolic dynamics only sequences having \1" at all dd or
at all even places are allowed. Let us focus our attention onhe zeta function 1= at the frequency
I =1=2. The set of cycles with odd periods is empty (except for the xed point \1", and it also
disappears fora< = 2) and

Y
1= = (1 Q) (58) fr2eg
p2P e

The straightforward di erentiation of 1 = does not give correct result: the drift term vanishes and the
di usion constant diverges. The reason is that the mappingf 2 is not mixing and has two symmetric
invariant sets, so the zeta function (58) is a product of two zta functions for these sets. The
probability distribution function for ' does not tend to a Gaussian hump ag ! 1, but instead to
two symmetric humps, drifting away from the origin in opposite directions (that is why the drift term
for 1= vanishes). In order to describe the power spectrum fot = 1=2 correctly, we must restrict the
averaging to one hump. This corresponds to considering onef the symmetric attractors of the map
f 2. In terms of zeta function this means that we must consider sgare root of zeta function (58):

= 0: W .
1 (@ 1(Q )
P2P ¢

From this zeta function correct values of discrete and contiuous components of the power spectrum
at ! =1=2 are obtained as the drift term and the di usion constant.

°PC: this must be reworked so that for nite Markov graphs, lon g cycles are re-expressed as the repeats of the
fundamental cycles; work out in detail for 2-branch complet e binary tent map?.
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5 CONCLUSIONS

Fourier analysis for chaotic sets can be recast into the trasfer operator formalism, but restricted to
rational frequenciesl=g. This is unsatisfactory in the sense that exponential numerof prime cycles is
required for increasingq. 1°

6 APPENDIX A: Tent map cycles

11 For the symmetric tent map (a = 2 in (50)) it is convenient to compactify the binary sequences by
replacing sj = f0; 1g by the n-ary alphabet

n=17123;4;, g=1110,100100Q:::9 (59)
In this notation the itinerary of a point X, S = fninonzngs g, and its binary expansion are related
by x = :1"10"21"30"+ . For example:

:101101001110000Q :
111011101001000: :

-11011201110%130%: :
11211234 ::

X
S

The periodic points corresporwl to the rational values ofx, but we have to distinguish evenand odd
cycles, depending on whether E=1 sk are even or odd. For the even cyclesy = tg+n, while for the
odd cyclesty = tx+2n. The even (odd) cycles contain even (odd) number ofi; in the repeating block,
and the periodic points are given by

2 X
Xninz me = onp l:1”10nz ok Np= N k even
i=1
= A amge puguan o k odd : (60)
4o 17 :
For example:
Xy = Xx; = :1010%L:: = :10 = %
X10 = Xp = :120%::: = 1100 = §
X0 = Xz = :130%::: = 111000 = g
X101 = X21 = :m:g

6.1 APPENDIX B: Continuous ows

For continuous ow \observable" (;x( ))= €2' (x( )), the sum (2) becomes a continuous time

Fourier transform
t

tx)= de'?t  (x()); x(0) = X; (61)
0

OpC: seems not too smart - one has to go to long cycles to evaluae spectrum at frequencies with q large, but the
spectrum itself is totally smooth. Besides, for continuous time ows this pulls out only one prime cycle at a time, as all
periods , are distinct. Need some smearing in! ?

1 pC: this appendix will probably be thrown out again...
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and (4) becomes the space-averaged Fourier transform of thebservable along the ow (x( ))

Lz .7
FE T i2! .
h (i =lim o axg i de F (X):

Evaluated on the rth repeat of a prime cyclep, the sum (61) factorizes into

_ X1
r p(I,X( (b) — r p(| )e i2! 01‘ el2! pk;
Z I’k=0
p(l) = . de'?! (xp( )

As in (25), only the the harmonics of the prime cycle frequeng 1= , survive the averaging:

o . .
if p! = integer
if ! 6 integer

Teix (=

rop(')e 2!
0

For continuous ows the trace (12) (with a similar to ( ??) separation of real and imaginary parts)

takes form [10]

X X t rop)

U‘Lt(!) = p —
P jdet(1 J{))J
D Re( (! | tu 1 P R ] ! | 1)sin2 |
e cReC T(1 )+ sIm( (1)) - = d e cRe p(t)cos2!t +r slm p(!)sin2!
p
sz 0

— d_er( cRe p(t)cos + sIm p(!)sin
2

0
q

= Jo ir ( cRe p(1)2+( sim p(!))?2

k 2
K0 4%(k")

so only powers ofj p(! )j? survive the averaging. According to this formula, the sharp frequency

D
e cRe( ')+ sim( (1))

X rEARe p(1)2+ 2m (1 )AK .

(62)

(63)

(64)

(65)

Fourier transform picks out essentially a single prime cyab from the in nity of unstable cycles, the

one resonant with ! = integer. 12

References

[1] D. Ruelle, Statistical Mechanics, Thermodynamic Formalism (Addison-Wesley, Reading MA, 1978).

[2] R. Artuso, E. Aurell and P. Cvitanovt, \Recycling of st range sets I: Cycle expansions"Nonlinearity 3,

325 (1990).
12pC: this should be rst rewritten as a Dirac delta in frequenc y; then we should learn how to smear this over a
range of ! . | believe that in atomic physics they are actually able to pu Il out short unstable orbits by essentially this
technique.

19

fexp_fou_tre



[3] P. Cvitanovt, J.-P. Eckmann, and P. Gaspard, \Transpo rt properties of the Lorentz gas in terms of
periodic orbits", preprint (May 1991).

[4] P. Cvitanovt, P. Gaspard, and T. Schreiber, \Investig ation of the Lorentz Gas in terms of periodic orbits",
CHAOS 2, 85 (1992).

[5] R. Artuso, \Di usive dynamics and periodic orbits of dyn amical systems",Phys. Lett. A 160, 528 (1991).

[6] W.N. Vance, Unstable periodic orbits and transport properties of nonequilibrium steady states, Phys.
Rev. Lett. 96, 1356 (1992).

[71 Anomalous di usion requires a di erent limit here, cf. refs. [9, 8]

[8] P.M. Bleher, \Statistical properties of two-dimensional Lorentz gas with in nite horizon", J. Stat. Phys.
66 (1992) 315

[9] R. Artuso, to be published.
[10] P. Cvitanovt and B. Eckhardt, J. Phys. A 24, L237 (1991).
[11] S. Grossmann and S. ThomaeZ. Naturforsch. 32 a, 1353 (1977); reprinted in ref. [12].
[12] Universality in Chaos, 2. edition, P. Cvitanovc, ed., (Adam Hilger, Bristol 1989).

[13] C. Beck, \Higher correlation functions of chaotic dynamical systems - a graph theoretical approach”,
Nonlinearity 4, 1131 (1991); to be published.

[14] The 4-point correlation function is given in ref. [13]a

[15] T.C. Halsey, M.H. Jensen, L.P. Kadano, I. Procaccia ard B.I. Shraiman, Phys. Rev.A107 , 1141 (1986).

Fig.1
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0.10
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Figure 1: Power spectrum for skew tent map (50) witha = 2:5, evaluated from the Fredholm deter-
minant (13) at all rational frequencies! = I=q; g 14. The exact spectrum (52) is indicated by the
solid line. ffigl g
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Fig.2
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error
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n

Figure 2: Error in determining the power spectrum of g. 1 as function of the maximal cycle length

used. plus:! =0, square: ! = 1=2; other symbols from top to bottom correspond to frequencis
1=3; 1=4;:::;1=14. ffig2 g
Fig.3
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Figure 3: Power spectrum for the pruned symmetric tent map wih a = (1 + P 5)=2. No analytic
formula for spectrum is available for this case. ffig3 g
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