integrable system change!of

coordinates coordinate!change

Chapter 7

Get straight

A Hamiltonian system is said to be “integrable” if one can find a change of coordinates to an action-angle coordinate frame where the phase space dynamics is described by motion on circles, one circle for each degree of freedom. In the same spirit, a natural description of a hyperbolic, unstable flow would be attained if one found a change of coordinates into a frame where the stable/unstable manifolds are straight lines, and the flow is along hyperbolas. Achieving this globally for anything but a handful of contrived examples is too much to hope for. Still, as we shall now show, we can make some headway on straightening out the flow locally.

Even though such nonlinear coordinate transformations are very important, especially in celestial mechanics, we shall not necessarily use them much in what follows, so you can safely skip this chapter on the first reading. Except, perhaps, you might want to convince yourself that cycle stabilities are indeed metric invariants of flows (sect. 8.5), and you might like transformations that turn a Keplerian ellipse into a harmonic oscillator (example 7.2) and regularize the 2-body Coulomb collisions (sect. 7.3) in classical helium.

fast track:

chapter 9, p. 125

7.1 Changing coordinates

Problems are handed down to us in many shapes and forms, and they are not always expressed in the most convenient way. In order to simplify a given problem, one may stretch, rotate, bend and mix the coordinates, but in doing so, the vector field will also change. The vector field lives in a (hyper)plane tangent to phase space and changing the coordinates of phase space affects the coordinates of the tangent space as well, in a way that we will now describe.

Denote by h the conjugation function which maps the coordinates of the 101 smooth!conjugacy conjugacy!smooth time!as

parametrization rectification!flows vector

fields!singularities initial phase space M into the reparametrized phase space M^′ = h(M), with a point x ∈ M related to a point y ∈ M^′ by y = h(x). The change of coordinates must be one-to-one and span both M and M^′, so given any point y we can go back to x = h^{−1}(y). For smooth flows the reparametrized dynamics should support the same number of derivatives as the initial one. If h is a (piecewise) analytic function, we refer to h as a smooth conjugacy.

The evolution rule g^t(y_0) on M^′ can be computed from the evolution rule f^t(x_0) on M by taking the initial point y_0 ∈ M^′, going back to M, evolving, and then mapping the final point x(t) back to M^′:

y(t) = g^t(y_0) = h ∘ f^t ∘ h^{−1}(y_0) . (7.1)

Here “∘” stands for functional composition h ∘ f(x) = h(f(x)), so (7.1) is a shorthand for y(t) = h(f^t(h^{−1}(y_0))).

The vector field ẋ = v(x) in M, locally tangent to the flow f^t, is related to the flow by differentiation (2.4) along the trajectory. The vector field ẏ = w(y) in M^′, locally tangent to g^t follows by the chain rule:

do this in maps.tex as well

w(y) = dg^t dt (y) | | |_{t=0} = d dt ( h ∘ f^t ∘ h^{−1}(y) ) | | |_{t=0}

= h^′(h^{−1}(y))v(h^{−1}(y)) = h^′(x)v(x) . (7.2)

With the indices reinstated, this stands for 7.1 page 112

w_i(y) =

∂h_i(x) ∂x_j v_j (x) , y_i = h_i(x) . (7.3)

Imagine that the phase space is a rubber sheet with the flow lines drawn on it. A coordinate change h corresponds to pulling and tugging on the rubber sheet smoothly, without cutting, glueing, or self-intersections of the distorted rubber sheet. Trajectories that are closed loops in M will remain closed loops in the new manifold M^′, but their shapes will change. Globally h deforms the rubber sheet in a highly nonlinear manner, but locally it simply rescales and shears the tangent field by ∂_j h_i, hence the simple transformation law (7.2) for the velocity fields.

The time itself is a parametrization of points along flow lines, and it can also be reparametrized, s = s(t), with the attendent modification of (7.2). An example is the 2-body collision regularization of the helium Hamiltonian (5.6), to be undertaken in sect. 7.3 below.

7.2 Rectification of flows

conjug - 3aug2005 ChaosBook.org/version12, Jan 12 2006

7.3. CLASSICAL DYNAMICS OF COLLINEAR HELIUM 103

coordinate!change conjugacy

A profitable way to exploit invariance of dynamics under smooth conjugacies is to use it to pick out the simplest possible representative of an equivalence class. In general and globally these are just words, as we have no clue how to pick such “canonical” representative, but for smooth flows we can always do it localy and for sufficiently short time, by appealing to the rectification theorem, a fundamental theorem of ordinary differential equations. The theorem assures us that there exists a solution (at least for a short time interval) and what the solution looks like. The rectification theorem holds in the neighborhood of points of the vector field v(x) that are not singular, that is, everywhere except for the equilibrium points (2.7), and points at which v is infinite. According to the theorem, in a small neighborhood of a non-singular point there exists a change of coordinates y = h(x) such that ẋ = v(x) in the new coordinates takes the standard form

ẏ_1 = 1 ẏ_2 = ẏ_3 = · · · = ẏ_d = 0 , (7.4)

with unit velocity flow along y_1, and no flow along any of the remaining directions. expand this into

discussion of normal forms

Example 7.1 Harmonic oscillator, rectified: As a simple example of global rectification of a flow consider the harmonic oscillator

q̇ = p , ṗ = −q . (7.5)

The trajectories x(t) = (q(t), p(t)) just go around the origin, so a fair guess is that the system would have a simpler representation in polar coordinates y = (r, θ):

h^{−1} : { q = h^{−1}_1 (r, θ) = r cos θ p = h^{−1}_2 (r, θ) = r sin θ

. (7.6)

The Jacobian matrix of the transformation is

h^′ = [ cos θ sin θ − sin θ r − cos θ r ] (7.7)

resulting in (7.2) of rectified form 8.3 page 124 ṙ = 0 , θ̇ = −1 . (7.8)

In the new coordinates the radial coordinate r is constant, and the angular coordinate θ wraps around a cylinder with constant angular velocity. There is a subtle point in this change of coordinates: the domain of the map h^{−1} is not the plane R^2, but rather the plane minus the origin. We had mapped a plane into a cylinder, and coordinate transformations should not change the topology of the space in which the dynamics takes place; the coordinate transformation is not defined on the equilibrium point x = (0, 0), or r = 0.

ChaosBook.org/version12, Jan 12 2006 conjug - 3aug2005

three body@3-body problem

Figure 7.1: Coordinates for the helium three body problem in the plane.

7.3 Classical dynamics of collinear helium

(G. Tanner)

So far much has been said about 1-dimensional maps, game of pinball and other curious but rather idealized dynamical systems. If you have become impatient and started wondering what good are the methods learned so far in solving real life physical problems, good news are here. We will apply here concepts of nonlinear dynamics to nothing less than the helium, a dreaded three-body Coulomb problem.

Can we really jump from three static disks directly to three charged particles moving under the influence of their mutually attracting or repelling forces? It turns out, we can, but we have to do it with care. The full problem is indeed not accessible in all its detail, but we are able to analyze a somewhat simpler subsystem – collinear helium. This system plays an important role in the classical and quantum dynamics of the full three-body problem.

The classical helium system consists of two electrons of mass m_e and charge −e moving about a positively charged nucleus of mass m_{he} and charge +2e.

The helium electron-nucleus mass ratio m_{he}/m_e = 1836 is so large that we may work in the infinite nucleus mass approximation m_{he} = ∞, fixing the nucleus at the origin. Finite nucleus mass effects can be taken into account without any substantial difficulty. We are now left with two electrons moving in three spatial dimensions around the origin. The total angular momentum of the combined electron system is still conserved. In the special case of angular momentum L = 0, the electrons move in a fixed plane containing the nucleus. The three body problem can then be written in terms of three independent coordinates only, the electron-nucleus distances r_1 and r_2 and the inter-electron angle Θ, see figure 7.1.

38.2

page 700

This looks like something we can lay our hands on; the problem has been reduced to three degrees of freedom, six phase space coordinates in all, and the total energy is conserved. But let us go one step further; the electrons are attracted by the nucleus but repelled by each other. They will tend to stay as far away from each other as possible, preferably on opposite sides of the nucleus. It is thus worth having a closer look at the situation where the three particles are all on a line with the nucleus being

conjug - 3aug2005 ChaosBook.org/version12, Jan 12 2006

Figure 7.2: Collinear helium, with the two electrons on opposite sides of the nucleus.

somewhere between the two electrons. If we, in addition, let the electrons have momenta pointing towards the nucleus as in figure 7.2, then there is no force acting on the electrons perpendicular to the common interparticle axis. That is, if we start the classical system on the dynamical subspace Θ = π, d dt Θ = 0, the three particles will remain in this collinear configuration for all times.

7.3.1 Scaling

In what follows we will restrict the dynamics to this collinear subspace. It is a system of two degrees of freedom with the Hamiltonian

H = 1 2m_e ( p^2_1 + p^2 ) − 2e^2 r_1 − 2e^2 r_2 + e^2 r_1 + r_2

= E , (7.9)

where E is the total energy. As the dynamics is restricted to the fixed energy shell, the four phase space coordinates are not independent; the energy shell dependence can be made explicit by writing (r_1, r_2, p_1, p_2) → (r_1(E), r_2(E), p_1(E), p_2(E)) .

We will first consider the dependence of the dynamics on the energy E. A simple analysis of potential versus kinetic energy tells us that if the energy is positive both electrons can escape to r_i → ∞, i = 1, 2. More interestingly, a single electron can still escape even if E is negative, carrying away an unlimited amount of kinetic energy, as the total energy of the remaining inner electron has no lower bound. Not only that, but one electron will escape eventually for almost all starting conditions. The overall dynamics thus depends critically on whether E > 0 or E < 0. But how does the dynamics change otherwise with varying energy? Fortunately, not at all. Helium dynamics remains invariant under a change of energy up to a simple scaling transformation; a solution of the equations of motion at a fixed energy E_0 = −1 can be transformed into a solution at an arbitrary energy E < 0 by scaling the coordinates as

r_i(E) = e^2 (−E) r_i, p_i(E) = √ −m_eE p_i, i = 1, 2 ,

together with a time transformation t(E) = e^2m^{1/2}_e (−E)^{−3/2} t. We include the electron mass and charge in the scaling transformation in order to obtain a non–dimensionalized Hamiltonian of the form

H = p^2_1 2 + p^2 2 − 2 r_1 − 2 r_2 + 1 r_1 + r_2

= −1 . (7.10)

ChaosBook.org/version12, Jan 12 2006 conjug - 3aug2005

regularization Kustaanheimo- Stiefel transformation

The case of negative energies chosen here is the most interesting one for us. It exhibits chaos, unstable periodic orbits and is responsible for the bound states and resonances of the quantum problem treated in sect. 38.5.

7.3.2 Regularization of two–body collisions

Next, we have a closer look at the singularities in the Hamiltonian (7.10). Whenever two bodies come close to each other, accelerations become large, numerical routines require lots of small steps, and numerical precision suffers. No numerical routine will get us through the singularity itself, and in collinear helium electrons have no option but to collide with the nucleus. Hence a regularization of the differential equations of motions is a necessary prerequisite to any numerical work on such problems, both in celestial mechanics (where a spaceship executes close approaches both at the start and its destiantion) and in quantum mechanics (where much of semiclassical physics is dominated by returning classical orbits that probe the quantum wave function at the nucleus).

There is a fundamental difference between two–body collisions r_1 = 0 or r_2 = 0, and the triple collision r_1 = r_2 = 0. Two–body collisions can be regularized, with the singularities in equations of motion removed by a suitable coordinate transformation together with a time transformation preserving the Hamiltonian structure of the equations. Such regularization is not possible for the triple collision, and solutions of the differential equations can not be continued through the singularity at the origin. As we shall see, the chaos in collinear helium originates from this singularity of triple collisions.

A regularization of the two–body collisions is achieved by means of the Kustaanheimo–Stiefel (KS) transformation, which consists of a coordinate dependent time transformation which stretches the time scale near the origin, and a canonical transformation of the phase space coordinates. In order to motivate the method, we apply it first to the 1-dimensional Kepler problem

rema^{rk 38.1} H = 1 2 p^2 − 2 x = E . (7.11)

Example 7.2 Keplerian ellipse, rectified: To warm up, consider the E = 0 case, starting at x = 0 at t = 0. Even though the equations of motion are singular at the intial point, we can immediately integrate 1 2 ẋ^2 − 2 x = 0 by means of separation of variables^1 √ xdx = √ 2dt , x = (3t)^{23} , (7.12)

1Tanner: Luz corrected Gregor’s x = (9/2)^{13} t^{23}

conjug - 3aug2005 ChaosBook.org/version12, Jan 12 2006

7.3. CLASSICAL DYNAMICS OF COLLINEAR HELIUM 107

and observe that the solution is not singular. The aim of regularization is to compensate for the infinite acceleration at the origin by introducing a fictitious time, in terms of which the passage through the origin is smooth.

A time transformation dt = f(q, p)dτ for a system described by a Hamiltonian H(q, p) = E leaves the Hamiltonian structure of the equations of motion unaltered, if the Hamiltonian itself is transformed into H(q, p) = f(q, p)(H(q, p) − E). For the 1– dimensional Coulomb problem with (7.11) we choose the time transformation dt = xdτ which lifts the |x| → 0 singularity in (7.11) and leads to a new Hamiltonian H = 1 2 xp^2 − 2 − Ex = 0. (7.13)

The solution (7.12) is now parametrized by the fictitous time dτ through a pair of equations^2

x = τ^2 , t = 1 3 τ^3 .

make a problem, recheck this The equations of motion are, however, still singular as x → 0:

d^2x dτ^2 = − 1 2x dx dτ + xE .

Appearance of the square root in (7.12) now suggests a canonical transformation of form

x = Q^2 , p = P 2Q (7.14)

which maps the Kepler problem into that of a harmonic oscillator with Hamiltonian

H(Q, P ) = 1 8 P^2 − EQ^2 = 2, (7.15)

with all singularities completely removed.

We now apply this method to collinear helium. The basic idea is that one seeks a higher-dimensional generalization of the “square root removal” trick (7.14), by introducing a new vector Q with property r = |Q|^2 . In this simple 1-dimensional example the KS transformation can be implemented by

r_1 = Q^2_1 , r_2 = Q^2 , p_1 =

P_1 2Q_1

, p_2 =

P_2 2Q_2

(7.16)

and reparametrization of time by dτ = dt/r_1r_2. The singular behavior in 38.1

page 700

the original momenta at r_1 or r_2 = 0 is again compensated by stretching the time scale at these points. The Hamiltonian structure of the equations of motions with respect to the new time τ is conserved, if we consider the Hamiltonian^3

H_{ko} = 1 8 (Q^2P^2_1 + Q^2_1P^2_2 ) − 2R^2_{12} + Q^2_1Q^2(−E + 1/R^2_{12}) = 0 (7.17)

2Tanner: Luz corrected Gregor’s x =^1_2 τ^2 , t =^1_6 τ^3 3Tanner: Luz recoverd E in Gregor’s ` 1 + 1/R^2_{12} ´

ChaosBook.org/version12, Jan 12 2006 conjug - 3aug2005

rectification!maps

Figure 7.3: (a) A typical trajectory in the r_1 – r_2 plane; the trajectory enters here along the r_1 axis and escapes to infinity along the r_2 axis; (b) Poincaré map (r_2=0) for collinear helium. Strong chaos prevails for small r_1 near the nucleus.

with R_{12} = (Q^2_1 + Q^2)^{1/2}, and we will take E = −1 in what follows. The equations of motion now have the form

Ṗ_1 = 2Q_1 [ 2 − P^2_2 8 − Q^2 ( 1 + Q^2 R^4_{12} )] ; Q̇_1 = 1 4 P_1Q^2 (7.18)

Ṗ_2 = 2Q_2 [ 2 − P^2_1 8 − Q^2_1 ( 1 + Q^2_1 R^4_{12} )] ; Q̇_2 = 1 4 P_2Q^2_1.

Individual electron–nucleus collisions at r_1 = Q^2_1 = 0 or r_2 = Q^2 = 0 no longer pose a problem to a numerical integration routine. The equations (7.18) are singular only at the triple collision R_{12} = 0, that is, when both electrons hit the nucleus at the same time.

The new coordinates and the Hamiltonian (7.17) are very useful when calculating trajectories for collinear helium; they are, however, less intuitive as a visualization of the three-body dynamics. We will therefore refer to the old coordinates r_1, r_2 when discussing the dynamics and the periodic orbits.

To summarize, we have brought a 3-body problem into a form where the 2-body collisions have been transformed away, and the phase space trajectories computable numerically. To appreciate the full beauty of what has been attained, you have to fast-forward to chapter 38; we are already “almost” ready to quantize helium by semiclassical methods.

fast track:

chapter 8, p. 113

7.4 Rectification of maps

write up as a continuation of (7.1)

In sect. 7.2 we had argued that nonlinear coordinate transformations can be profitably employed to simplify the representation of a flow. We

use my overhead here

conjug - 3aug2005 ChaosBook.org/version12, Jan 12 2006

7.4. RECTIFICATION OF MAPS 109

normal form form!normal shall now apply the same idea to nonlinear maps, and determine a smooth nonlinear change of coordinates that flattens out the vicinity of a fixed point and makes the map linear in an open neighborhood. In its simplest form mention period dou-

bling operator spectrum

the idea can be implemented only for an isolated nondegenerate fixed point (otherwise are needed in the normal form expansion around the point), and only in a finite neigborhood of a point, as the conjugating function in general has a finite radius of convergence. In sect. 8.4 we will extend the method to periodic orbits. ⇓PRELIMINARY

sect.^{41.1}

⇑PRELIMINARY

remark that h^{−1} is entire if f is?

7.4.1 Rectification of a fixed point in one dimension 7.2 page 112

Consider a 1-dimensional map x_{n+1} = f(x_n) with a fixed point at x = 0, with stability Λ = f^′(0). If |Λ| ≠ 1, one can determine term-by-term the power series for a smooth conjugation h(x) centered at the fixed point, h(0) = 0, that flattens out the neighborhood of the fixed point

f(x) = h^{−1}(Λh(x)) (7.19)

h here inverse(!) of (2.16)

and replaces the nonlinear map f(x) by a linear map y_{n+1} = Λy_n.

To compute the conjugation h we use the functional equation h^{−1}(Λx) = f(h^{−1}(x)) and the expansions

f(x) = Λx + x^2f_2 + x^3f_3 + . . .

h^{−1}(x) = x + x^2h_2 + x^3h_3 + . . . . (7.20)

Equating the coefficients of x^k on both sides of the functional equation yields h_k order by order as a function of f_2, f_3, . . .. If h(x) is a conjugation, so is any scaling h(bx) of the function for a real number b. Hence the value of h^′(0) is not determined by the functional equation (7.19); it is convenient to set h^′(0) = 1.

The algebra is not particularly illuminating and best left to computers. In any case, for the time being we will not use much beyond the first, linear term in these expansions.

Here we assume Λ ≠ 1. If the fixed point has first k−1 derivatives vanishing, the conjugacy is to the kth normal form. ⇓PRELIMINARY

rema^{rk 8.1}

⇑PRELIMINARY

In several dimensions, Λ is replaced by the Jacobian matrix, and one has to check that the eigenvalues J are non-resonant, that is, there is no integer linear relation between the stability exponents (8.4).

Commentary

Remark 7.1 Rectification of maps. The methods outlined above are standard in the analysis of fixed points and construction of normal forms for bifurcations,

ChaosBook.org/version12, Jan 12 2006 conjug - 3aug2005

equivalence!of

dynamical systems dynamical!systems!equivalent see for example ref. [1.15, 7.2, 7.4, 7.5, 7.6, 7.7, 7.8, 7.9, 3.6]. The geometry underlying such methods is pretty, and we enjoyed reading, for example, Percival and Richards [7.10], chaps. 2 and 4 of Ozorio de Almeida’s monograph [7.11], and, as always, Arnol’d [7.1].

decide where to cite Arnold

Recursive formulas for evaluation of derivatives needed to evaluate (7.20) are given, for example, in Appendix A of ref. [9.5]).

Résumé

Dynamics (M, f) is invariant under the group of all smooth conjugacies

(M, f) → (M^′, g) = (h(M), h ∘ f ∘ h^{−1}) .

This invariance can be used to (i) find a simplified representation for the flow and (ii) identify a set of invariants, numbers computed within a particular choice of (M, f), but invariant under all M → h(M) smooth conjugacies.

The 2D-dimensional phase space of an integrable Hamiltonian system of D degrees of freedom is fully foliated by D-tori. In the same spirit, for a uniformly hyperbolic, chaotic dynamical system one would like to change into a coordinate frame where the stable/unstable manifolds form a set of transversally interesecting hyper-planes, with the flow everywhere locally hyperbolic. That cannot be achieved in general: Fully globally integrable and fully globally chaotic flows are a very small subset of all possible flows, a “set of measure zero” in the world of all dynamical systems.

What we really care about is developping invariant notions of what a given dynamical system is. The totality of smooth one-to-one nonlinear coordinate transformations h which map all trajectories of a given dynamical system (M, f^t) onto all trajectories of dynamical systems (M^′, g^t) gives us a huge equivalence class, much larger than the equivalence classes familiar from the theory of linear transformations, such as the rotation group O(d) or the Galilean group of all rotations and translations in R^d. In the theory of Lie groups, the full invariant specification of an object is given by a finite set of Casimir invariants. What a good full set of invariants for a group of general nonlinear smooth conjugacies might be is not known, but the set of all periodic orbits and their stability eigenvalues will turn out to be a good start.

RM: add something about nearby systems and structural stabil- ity use commented out text in the conjug.tex

References

[7.1] V.I. Arnol’d, Ordinary Differential Equations (Springer-Verlag, New York 1992).

[7.2] C. Simo, in D. Baenest and C. Froeschlé, Les Méthodes Modernes de la Mécanique Céleste (Goutelas 1989), p. 285.

refsConjug - 2mar2003 ChaosBook.org/version12, Jan 12 2006

References 111

[7.3] C. Simo, in Dynamics and Mission Design Near Libration Points, Vol. 1-4, (World Sci. Pub., Monograph Ser. Math., 2000-2001).

[7.4] C. L. Siegel. Iteration of analytic functions. Ann. Math., 43:607–612, 1942. [7.5] J. Moser. Ann. Scuola Norm. Super. Pisa, 20:265–315, 1966; 20:499–535, 1966.

[7.6] S. Sternberg. Amer. J. Math., 79:809, 1957; 80:623, 1958; 81:578, 1959. [7.7] K.-T. Chen. Amer. J. Math., 85:693–722, 1963. [7.8] G.R. Belitskiǐ. Russian Math. Surveys, 31:107–177, 1978. [7.9] A.D. Brjuno. Trans. Moscow Math. Soc., 25:131–288, 1971; 26:199–238, 1972. [7.10] I. Percival and D. Richards, Introduction to Dynamics (Cambridge Univ.

Press, Cambridge, 1982).

[7.11] A.M. Ozorio de Almeida, Hamiltonian Systems: Chaos and Quantization (Cambridge University Press, Cambridge, 1988).

ChaosBook.org/version12, Jan 12 2006 refsConjug - 2mar2003