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Abstract
We give two examples of families of differential-difference equations

which have Lax Pairs but are apparently non-integrable, contradicting
the usual belief that the two properties are equivalent.
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We consider some special cases of differential-difference equations that
are continuous in time and discrete in a 1D-space variable:

u̇n = F (. . . , un−1, un, un+1, . . .), (1)

where un ≡ un(t), u̇n = ∂tun. A Lax pair (also know as a zero-curvature
representation) for (1) is a set of two matrices (Mn, Nn) which satisfies

Vn+1 = MnVn,

∂tVn = NnVn,
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and also the compatibility condition

∂t(SVn) = S∂tVn, (2)

where S is the shift operator SVn = Vn+1.
The required connection between (1) and the Lax pair is that the condition
(2) is

∂tMn = Nn+1Mn −MnNn, (3)

which on substituting for (Mn, Nn) gives the dynamical equation (1) for un.
Although it is known that the existence of a Lax Pair for a set of differential-

difference equations does not automatically imply that these equations are
integrable [1], it is usually assumed in the literature that the two are equiva-
lent. We show here that there exists some simple systems which do have Lax
pairs but which fail a commonly accepted test for integrability, the singularity
confinement method, due to Ramani et al. [2].

The Volterra3 (V3) equation

u̇n = un (un+1 − un−1) , (4)

is known to be integrable. A zero curvature representation (Lax pair) given
by Faddeev and Takhtajan [1] for this equation is

Mn =

[
λ un
−1 0

]
, Nn =

[
un λun
−λ −λ2 + un−1

]

Some more recent references on this equation are [3, 4].
A fifth order Volterra5 (V5) equation is

u̇n = un (un+1 − un−1 + α(un+2 − un−2)) , (5)

which has the Lax pair

Mn =

 λ λ2 + un

−1 −λ


and

Nn =

[
un + α(un−1 + un+1) λ (un − un−1 + α(un+1 − un + un−1 − un−2))

0 un−1 + α(un + un−2)

]
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Note that this Nn can be written in the simpler form

Nn =

[
An λ (An − An−1)
0 An−1

]
(6)

where An = un + α(un−1 + un+1). Taking α = 0 in the V5 pair gives the
following zero curvature representation for the V3 equation

Mn =

 λ λ2 + un

−1 −λ

 , Nn =

[
un λ(un − un−1)
0 un−1

]

For the general Volterra Vm equation

u̇n = un
m∑
j=1

αj (un+j − un−j) ,

a zero curvature representation is (6) with

An =
m∑
j=1

αj

j−1∑
i=0

un+j−1+2i.

Narita [5] uses the double D operator method to show that the Vm equa-
tion is integrable providing αi = 1, i = 1 . . .m, see also [6, 7, 8, 9]. However,
tests using the singularity confinement method [2] appear to confirm that
the αi = 1 case is integrable, but the more general αi case is not.

Another integrable example [10] is the discrete mKdV equation

u̇n =
(
1 + u2

n

)
(un+1 − un−1) (7)

(other integrable discretizations of the mKdV equation are discussed in [11]).
An obvious generalisation of (9) is

u̇n =
(
1 + u2

n

) m∑
j=1

βj (un+j − un−j) , (8)

this has a Lax pair

Mn =

[
λ un

−λ2un λ

]
, Nn =

[
An Bn/λ
−λBn An

]
,
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with

An =
m∑
j=1

βj

j−1∑
i=0

un−j+i un+i , Bn =
m∑
j=1

(un−j + un+j−1)
m∑
i=j

βi

but here the spectral parameter λ is entering in a trivial way. Tests with
the singularity confinement method [2] suggests that the general case is not
integrable for any choice of m > 1 and βi 6= 0.

There is a transformation [12] connecting (7) to

u̇n = (1 + un)2 (un+1 − un−1)

and we also have a zero curvature representation for this, so we suspect this
one is integrable. Tests using the singularity confinement method suggests
that a more general form of the m = 1 equation

u̇n = (un − α1)(un − α2) (un+1 − un−1) (9)

is also integrable (the case α2 → ∞ would give the Volterra equation).
Moreover there is a simple transformation connecting all these equations:
un = (un−1 − α1)(un − α2) satisfies (4) whenever un satisfies (9).
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and singularity confinement - the ultimate conjecture. J. Phys. A, 26:L
53–L 58, 1993.

[3] GRW Quispel, Nijhoff FW, HW Capel, and J Vanderlinden. Linear
integral-equations and nonlinear difference difference-equations. Physica
A, 125:344–380, 1984.

4



[4] S Yamazaki. The semi-infinite system of nonlinear differential-equations
ak = 2ak(ak+1 − ak−1) - methods of integration and asymptotic time
behaviors. Nonlinearity, 3:653–676, 1990.

[5] K Narita. Soliton solution to extended Volterra equation. J. Phys. Soc.
Japan, 51:1682–1685, 1982.

[6] K Narita. Solitons for discrete-systems with infinite interaction range.
J. Phys. Soc. Japan, 52:1921–1929, 1983.

[7] K Narita. Continuous Volterra equation. J. Phys. Soc. Japan, 54:1217–
1219, 1985.

[8] Y Itoh. Integrals of a Lotka-Volterra system of odd number of variables.
Progress of Theoretical Physics, 78:507–510, 1987.

[9] Y Itoh. Integrals of a Lotka-Volterra system of infinite species. Progress
of Theoretical Physics, 80:749–751, 1988.

[10] M. J. Ablowitz and P. A. Clarkson. Solitons, Nonlinear Evolution Equa-
tions and Inverse Scattering. Cambridge U. Press, Cambridge, 1991.
London Mathematical Society Lecture Note Series 149.

[11] Yu. B. Suris. On an integrable discretization of the modified Korteweg-
de Vries equation. Physics Letters A, 234:91–102, 1997.

[12] C Chandre. A comparison of two discrete mKdV equations. Phys. Scr.,
55:129, 1997.

5


