Geometry of surfaces in S^4

Helen L. Fawley

Department of Mathematical Sciences, University of Durham, Science Laboratories, South Road, Durham DH1 1LE, England e-mail: h.l.fawley@durham.ac.uk

Abstract: The geometry of immersions f of a Riemann surface S into the foursphere S^4 may be explored via the geometry of certain related maps which can be described naturally in terms of the tangent and normal bundles of f. These are lifts into quotient spaces of the form SO(5)/K, where K æ SO(5) is a subgroup of maximal rank. For conformal, minimal immersions the differential equations satisfied by these lifts are the SO(5)-Toda equations. A particularly interesting case to look at is given by K = U(2), since SO(5)/U(2) is C P^3, the twistor space of S^4. As is well-known, the twistor fibration has been used by Bryant to give a one-to-one correspondence between superminimal immersions f and holomorphic, horizontal curves in C P^3. The talk gives results for minimal f and indicates the link with the SO(5)-Toda equations.

1 Introduction

In this article we study immersions f : S → S^4 of a surface S into the four-sphere in terms of certain related maps constructed in a natural way from f. Identifying S^4 with the homogeneous space SO(5)/SO(4) of the special orthogonal group SO(5), these related maps are lifts into SO(5)/T^2 , where T^2 is a maximal torus of SO(5). Properties of the immersion are then reflected by properties of its lift.

The approach is particularly fruitful and interesting in the case of minimal surfaces in S^4 . This is because the space SO(5)/T^2 has 4-fold symmetry at each point and minimal surfaces (or more generally, weakly conformal harmonic maps) are characterised as having lifts which respect this symmetry in a simple geometrical way. The symmetry aspects are also reflected in the fact that the lifts correspond to solutions of the SO(5)-Toda equations. Furthermore, a lift f̂ : S → SO(5)/T^2 is weakly conformal and harmonic and has the property that if K is a subgroup of SO(5) containing T^2 then σ_Kf̂ : S → SO(5)/K is also weakly conformal and harmonic, where σ_K : SO(5)/T^2 → SO(5)/K is the natural projection. The case where K is the unitary group U (2) is particularly interesting since SO(5)/U (2) may be identified with the complex projective space C P^3 and the resulting map σ_{U (2)}f̂ : S → SO(5)/U (2) is the twistor lift of f studied by Bryant and others.

Extensions of these ideas to other types of immersions are the subject of ongoing research for the author’s doctoral thesis.

In order to motivate the ideas involved we begin with a simple preliminary example in Section 2, followed in Section 3 by a description of the use of moving frames to construct a local lift to SO(5) and an explanation of how this gives rise to a global lift into SO(5)/T^2. The case of subgroups K of maximal rank and the corresponding maps into SO(5)/K are 257 discussed in Section 4. We identify these homogeneous spaces with certain flag manifolds and this gives a more geometrical way of describing the lifts. Section 5 takes the special case where K is U (2) and the twistor theory for C P^3 is discussed. Results for minimal immersions are given in Section 6 and in Section 7 the link with the Toda equations is explained.

2 A preliminary example

As a preliminary example, we consider a curve on the surface of the two-sphere in R^3, i.e. an immersion α : I → S^2 (α parametrised by arc length). There is a natural moving frame description of the geometry of α given by e_1 = α^′, e_2 = N_α, e_3 = α, where N_α is the unit normal to α in S^2 . Since the only choice involved in this description is the choice of orientation of the curve α, this frame is essentially unique and thus the lift of α into the space SO(3) via

α(t) −→ E = (e_1 | e_2 | e_3) = (α^′(t) | N_α(t) | α(t))

is globally defined. The lift has a single invariant, namely the geodesic curvature κ_g of the curve α. This comes from the rate of change of frame E = (e_1 | e_2 | e_3), for E^{−1}dE = 0 −κ_g 1 κ_g 0 0 −1 0 0 .

Fig. 1: A curve α on the surface of the 2-sphere.

We recall that geodesics, which are great circles, are curves which are locally length minimising. These are characterised by κ_g = 0 and the geodesic equations arise as Euler–Lagrange equations from a variational problem.

3 Moving frames for S^4

Let us now extend these ideas to immersions f : S → S^4 of oriented surfaces into the foursphere, S^4 = {x ∈ R^5 | x · x = 1}. We notice that the dimension of such an immersion is the same as the co-dimension, so this is a natural higher-dimensional analogue of the above example and we can again produce a moving frame for f from the geometry of the map.

At each point p ∈ S, the tangent bundle to S^4 restricted to S (considered at the point p) splits as

T_{f (p)} S^4 = T_pS ⊕ N_pS

where T_pS is the tangent space and N_pS the normal space to S in S^4 and both T_pS and N_pS are 2-planes. Since the normal to S^4 is f itself we write R^5 = [f(p)] ⊕ TpS ⊕ NpS where [f] is the line in R^5 determined by f.

Now choose an oriented orthonormal basis e_1, e_2 for T_pS and e_3, e_4 for N_pS so that e_1, e_2, e_3, e_4 gives the standard orientation on S^4, i.e.

R^5 = [f] ⊕ span{e1, e2} ⊕ span{e3, e4}.

Thus given any f : S → S^4, we have a moving frame

E = (f | e_1 | e_2 | e_3 | e_4) ∈ SO(5).

Compared with the case of a curve on S^2 above, this frame is more complicated and has more invariants, but the significant difference is that we cannot choose this frame globally since we have picked an orthonormal basis in each of the 2-planes T_pS and N_pS. However the frame E is unique up to rotations in T_pS and N_pS.

The compact Lie group SO(5) has maximal torus given by

T^2 = 1 cos θ − sin θ sin θ cos θ cos ϕ − sin ϕ sin ϕ cos ϕ | θ, ϕ ∈ R .

Thus we can obtain a lift which is globally defined simply by lifting f to SO(5)/T^2 instead of all the way up to SO(5). Then the properties of f determine those of the lift, and vice versa. We interpret this lift in another way in the following section.

4 Subgroups of maximal rank

As remarked in the previous section, the maximal torus of SO(5) is T^2 = S^1 × S^1, so we see that SO(5) has rank 2. A connected subgroup of a Lie group is of maximal rank if it contains a maximal torus. For SO(5) the subgroups of maximal rank, up to conjugacy, are T^2, U (2), SO(2) × SO(3) and SO(4). These may be obtained using Lie algebra methods — see for example [15, 20]. Then

T^2 ⊂ U (2) ⊂ SO(4) ⊂ SO(5) and T^2 ⊂ SO(2) × SO(3) ⊂ SO(5)

and, for any subgroup K of maximal rank, the inclusion T^2 ⊂ K induces a projection σ_K : SO(5)/T^2 → SO(5)/K. Thus given a lift f̂ : S → SO(5)/T^2 we have a map f̃_K = σ_Kf̂ : S → SO(5)/K. The spaces SO(5)/T 2 and SO(5)/K for K = SO(2)×SO(3) and U (2) are complex manifolds and σ_K is complex analytic (see [17]).

Fig. 2: The homogeneous spaces of SO(5).

The homogeneous spaces SO(5)/K may be identified as different types of generalised flag manifolds. Their elements are given in terms of different descriptions of R^5 as orthogonal direct sum decompositions of oriented subspaces. In each case SO(5) acts on the flags and K is the stabiliser of a typical flag.

For example, in the case of SO(5)/T^2 the elements are direct sums of oriented subspaces

R^5 = L ⊕ V1 ⊕ V2, dim L = 1, dim Vi = 2 (i = 1, 2),

with the orientation induced on R^5 by those on L, V_1 and V_2 agreeing with the standard one. For SO(5)/U (2) the decompositions are of the form

R^5 = L ⊕ V, dim L = 1, dim V = 4,

with V having an orthogonal complex structure. This is a particularly interesting case since SO(5)/U (2) may also be identified both with the total space of the bundle of orthogonal almost complex structures on S^4 and with the space of maximal isotropic subspaces of C^5 (see [1]).

For SO(5)/SO(2) × SO(3) the decompositions are of the form

R^5 = W ⊕ W^⊥, dim W = 2.

Finally, for SO(5)/SO(4) the decompositions are of the form

R^5 = L ⊕ V, dim L = 1, dim V = 4,

and SO(5)/SO(4) = S^4 .

Note that the projection maps in Fig. 2 may now be understood in terms of ‘forgetting’ certain properties. For example, if (L, V_1, V_2) ∈ SO(5)/T^2 then both V_1 and V_2 have a natural orthogonal complex structure and hence so does V = V_1 ⊕ V_2. The projection σ_{U (2)} : SO(5)/T^2 → SO(5)/U (2) sending (L, V_1, V_2) to (L, V ) ‘forgets’ the decomposition of V .

From the discussion in Section 3 it is now clear how the lifts may be identified. For f̂ : S → SO(5)/T 2 we have

f̂(p) = ([f(p)], T_p(S), N_p(S))

and the others can be immediately written down from this. In particular note that the map g : S → SO(5)/SO(2) × SO(3) which is given by g(p) = (T_p(S), T_p(S)^⊥ ) is just the Gauss map of f : S → S^4.

5 Twistor space

In the early 1970’s, Roger Penrose began to develop a scheme to interpret aspects of real four-dimensional geometry in holomorphic terms which is now commonly referred to as the twistor programme. A useful overview of the work done using this programme in the study of harmonic maps is given in [2] (or see [9]) with geometrical aspects in the case of harmonic maps into 4-manifolds being discussed in the work of Eells-Salamon [12]. We give here a brief outline of the twistor formulation for the case of S^4.

Consider the quaternions H = {a + bi + cj + dk | a, b, c, d ∈ R}. Notice that since i^2 = j^2 = k^2 = −1, ij = k, jk = i, ki = j the quaternion q = a + bi + cj + dk ∈ H has conjugate q̄ = a − bi − cj − dk. Also q can be written uniquely as q = z + wj, where z = a + bi, w = c + di ∈ C . and thus H is essentially C^2. Moreover we have zj = jz̄ and so

(z_1 + w_1j)(z_2 + w_2j) = z_1z_2 − w_1w̄_2 + (w_1z̄_2 + z_1w_2)j.

Further if H^2 is the space of pairs (q_1, q_2), q_i ∈ H, then H^2 can be identified with C^4 via (z_0, z_1, z_2, z_3) ←→ (z_0 + z_1j, z_2 + z_3j).

The Hopf map is given by

P (C^4) = C P^{3 ρ}−→ HP^1 = P (H^2)

and assigns a complex line in C^4 to the corresponding quaternionic line in H^2, i.e. vC → vH , v ∈ H^2\{(0, 0)}.

We now notice that HP^1 may be identified with S^4 (HP^1 is compact, simply connected and is a space of constant curvature +1). In fact we can write down explicitly the canonical identification of these two spaces:

[q_1, q_2] ∈ HP^1 ←→

(2q̄_1q_2 , |q_1|^2 − |q_2|^2) |q_1|^2 + |q_2|^2

∈ S^4 ⊂ H ⊕ R = R^5.

Composing this identification with ρ we have a map π : C P^3 → S^4 (in fact a Riemannian submersion) which takes

[z_0, z_1, z_2, z_3] →

(2(z_0 + z_1j)(z_2 + z_3j) , |z_0|^2 + |z_1|^2 − |z_2|^2 − |z_3|^2) |z_0|^2 + |z_1|^2 + |z_2|^2 + |z_3|^2

and this is called the twistor fibration.

Then for any immersion f : S → S^4 (which is not totally geodesic on an open subset of S) there exists a unique twistor lift to the twistor space C P^3, say f̃ : S → C P^3 and f = πf̃ . The idea is to characterise immersions in terms of their twistor lifts and this is particularly fruitful for minimal immersions.

6 Results for minimal immersions

Recall that a minimal surface is a special constant mean curvature surface, namely one for which the mean curvature H ≡ 0. Minimal surfaces are locally area minimising, and arise as solutions to the Euler–Lagrange equations for certain variational problems. A conformal immersion f : S → S^4 of a Riemann surface S is minimal if and only if it is harmonic — that is to say that if z = x + iy is a local complex coordinate on S, then f satisfies Δf = −2f, where Δ is the Laplacian with respect to the metric on S.

We recall that the second fundamental form of an immersion is a bilinear form defined on T S and taking values in N S, denoted by II^{S4}_S . Since the mean curvature H = trace II^{S4}_S , the minimality condition for f is written in terms of the orthonormal basis {e_1, e_2} (given in Section 3) as

II^{S4}_S (e_1, e_1) + II^{S4}_S (e_2, e_2) = 0.

Let e_θ ∈ T S with e_θ = cos θ e_1 + sin θ e_2. Then

II^{S4}_S (e_θ) = cos 2θ II^{S4}_S (e_1, e_1) + sin 2θ II^{S4}_S (e_1 , e_2)

traces out an ellipse, called the ellipse of curvature of the immersion. It is not hard to show that II^{S4}_S (e_1, e_1), II^{S4}_S (e_1, e_2) are mutually orthogonal vectors in N S; indeed they correspond to the major and minor axes of the ellipse. A special case occurs when these vectors have the same length, i.e. the second fundamental form has the property

|II^{S4}_S (e_1, e_1)|^2 = |II^{S4}_S (e_1, e_2)|^2 and the ellipse is a circle. We call an immersion f with circular ellipse of curvature a superminimal immersion. The minimal 2-spheres in S^4 studied by Calabi [10], Barbosa [1] and in particular by Chern [11] are examples of superminimal immersions.

Lifting f to the complex manifolds SO(5)/T^2, SO(5)/U (2) enables us to use complex analysis techniques to solve problems involving harmonic maps.

Given a compact Lie group G with maximal torus T , we recall that the homogeneous space G/T has some nice symmetry properties. In fact G/T is an m-symmetric space, where m is an integer arising naturally in the Lie algebra theory of G. Now G = SO(5) has maximal torus T^2 as given in Section 3, and SO(5)/T^2 has a 4-symmetric space structure. This means that at each point x ∈ SO(5)/T^2 there is a geodesic symmetry of SO(5)/T^2 of order 4 which has x as an isolated fixed point. The symmetry comes from a canonically constructed automorphism called the Coxeter automorphism of the Lie algebra of G (cf. S^2 where m = 2 and the symmetry reverses the direction of geodesics through a point).

From Section 4,

SO(5)/T^2 = {L ⊕ V_1 ⊕ V_2 | dim L = 1, dim V_i = 2}

and τ_x : SO(5)/T^2 → SO(5)/T^2 is conjugation by the matrix 1 0 −1 1 0 −1 0 0 −1 .

This corresponds to a rotation in each of the 2-planes V_1 and V_2 by^π_2 and π respectively. Thus geometrically, if f̂ : S → SO(5)/T^2 is the lift of a harmonic map f : S → S^4 then for all p ∈ S, df̂_p(T_pS) is mapped into itself by the symmetry at f̂ (p), which is a rotation through^π_2 [2].

For minimal, superminimal f : S → S^4, the lifts to SO(5)/T^2 and C P^3 are holomorphic curves. In each case these curves have some additional symmetry as discussed above. In particular, for the lift to C P^3 the holomorphic curve has a Frenet frame (ϕ_0, ϕ_1, ϕ_2, ϕ_3) (see [14]) and the symmetry on C P^3 interchanges ϕ_j and ϕ_{3−j}.

The minimal, non-superminimal case is similar except that the lifts are not holomorphic. However they are harmonic, and the lift to C P^3 belongs to a sequence {. . . , ϕ_0, ϕ_1, ϕ_2, ϕ_3, . . .} of harmonic maps, referred to in the literature as the harmonic sequence of the lift [4, 6]. This sequence is orthogonally periodic in the sense that any four consecutive elements are mutually orthogonal and ϕ_{4+p} = ϕ_p for all p. This is the analogue of the Frenet frame which appears in the superminimal case.

More detailed results for lifts of superminimal f to C P^3 have been obtained by Bryant [8]. Indeed, if f : S → S^4 is superminimal then its twistor lift is a holomorphic and horizontal curve in C P^3 and conversely if ψ : S → C P^3 is holomorphic and horizontal then πψ is superminimal. The following theorem shows that this (essentially) gives a way of describing all superminimal immersions.

Theorem . (Bryant). If h, g are meromorphic functions h, g : S → C with g nonconstant, then Φ(h, g) = [1, h − g 2 dh dg , g, 1 2 dh dg ] (1)

is holomorphic and horizontal. Moreover, apart from Gauss maps of geodesic 2-spheres in S^4 for which Φ(h, g) ⊂ C P^1, every non-constant holomorphic horizontal curve in C P^3 is of this form.

This “Weierstrass type” formula for Φ establishes the equivalence of algebraic plane curves C ⊆ C P^2 and holomorphic, horizontal curves in C P^3. In fact to produce examples of superminimal surfaces in S^4 it is enough to start with a curve C defined as [X, Y, 1] satisfying F (X, Y ) = 0. Then formula (1) shows that the set of points [z_0, z_1, z_2, z_3] such that

z_0 = 2 ∂F ∂Y , z_1 = 2Y ∂F ∂Y + X ∂F ∂X , z_2 = 2X ∂F ∂Y , z_3 = − ∂F ∂X , is a holomorphic, horizontal curve in C P^3 and hence projects under π to a superminimal surface in S^4 .

7 Link with the Toda equations

A solution of the SO(5)-Toda equations corresponds to a certain harmonic map f̃_K into each of the quotient spaces SO(5)/K, where K has maximal rank. The f̃_K are all related and understanding the way in which they are related is an interesting problem. In particular, the superminimal case corresponds to the open SO(5)-Toda equations and the minimal, non-superminimal case to that of affine SO(5)-Toda.

Given an orthonormal frame e_0, . . . , e_n in R^{n+1} we write de_j = ω^i_je_i where the ω^i_j are 1-forms. Then dde_j = 0 gives rise to the Maurer–Cartan equations

dω^i_j + ω^i_r ∧ ω^r_j = 0. (2)

If E = (e_0 | . . . | e_n) is a frame, then the rate of change of this frame is given as dE = EA, where A = (ω^i_j ) is the matrix of 1-forms whose entries are the ω^i_j described above.

The integrability condition for the frame E is the requirement that

∂^2E ∂z∂z̄ = ∂^2E ∂z̄∂z . (3)

Writing A = A_z dz+A_{z̄}dz̄ where A_z = E^{−1} ∂E ∂z , A_{z̄} = E^{−1} ∂E ∂z̄ , the condition (3) becomes ∂A_{z̄} ∂z − ∂A_z ∂z̄ + [A_z, A_{z̄}] = 0. (4)

It is not hard to show that equations (4) are in fact the Maurer–Cartan equations (2) written in terms of A. (For further results on the adapted frame E and the connection form A see [13].)

We claim that for a conformal and minimal immersion f these integrability conditions are non-other than the Toda-equations for the group SO(5). To see this, we must show that the conformality and harmonicity conditions for f imply (see for example [5]) that A_z has the form

A_z = ∂Ω ∂z + e^ΩBe^{−Ω}

where

Ω = 0 0 iω −iω 0 0 iη −iη 0 ∈ it

(t is the Lie algebra of T^2) and B is a certain matrix of constants.

Since Ω̄ = −Ω, equations (4) become

∂^2Ω ∂z∂z̄ + [e^{−Ω}B̄e^Ω, e^ΩBe^{−Ω}] = 0. (5)

In the affine case it can be shown that

B = 1 √ 2

−1 i 1 − √ 2 −i − √ 2i √ 2 √ 2i 0 and equations (5) are precisely the affine SO(5)-Toda equations:

∂^2ω ∂z∂z̄ + e^{2ω} − 1 2 e^{2(η−ω)} − 1 2 e^{−2(η+ω)} = 0,

∂^2η ∂z∂z̄ + 1 2 e^{2(η−ω)} − 1 2 e^{−2(η+ω)} = 0.

The open case is similar, except that then

B = 1 √ 2

−1 i 1 −^{1√}_2^{1√}_2 i −i −^{1√}_2 i −^{1√}_2 1√ 2 1√ 2 i −^{1√}_2 i^{1√}_2 giving the open SO(5)-Toda equations:

∂^2ω ∂z∂z̄ + e^{2ω} − 1 2 e^{2(η−ω)} = 0,

∂^2η ∂z∂z̄ + 1 2 e^{2(η−ω)} = 0.

We notice that the equations have 2 unknowns ω, η which we expect since the rank of SO(5) is 2. These unknowns correspond to invariants in the geometrical setting; the induced metric is given by ds^2 = e^{2ω}(dx^2 + dy^2)

and the ellipse of curvature (see Section 6) has major and minor axes of length cosh η e^{2ω} and | sinh η| e^{2ω} . Further details on this aspect may be found in [7].

Recall that in the superminimal case the ellipse of curvature is a circle and the invariants here correspond therefore to the metric and the radius of the circle. In the case where η ≡ 0, the ellipse degenerates to a line segment, and this corresponds to the case of an immersion f : S → S^3 ⊂ S^4. Minimal surfaces in S^3 have been discussed by Hitchin [16] and Lawson [18] (see also [3, 19]).

REFERENCES

[1] J. L. M. Barbosa: On minimal immersions of S2 into S2m. Trans. Amer. Math. Soc., 210 (1975), 75–106.

[2] M. Black: Harmonic Maps into Homogeneous Spaces, Longman, Harlow, 1991. [3] A. I. Bobenko: All constant mean curvature tori in R3, S3, H3 in terms of theta-functions, Math.

Ann., 290 (1991), 209–245.

[4] J. Bolton, G. R. Jensen, M. Rigoli and L. M. Woodward: On conformal minimal immersions of S2 into C Pn, Math. Ann., 279 (1988), 599–620.

[5] J. Bolton, F. Pedit and L. M. Woodward: Minimal surfaces and the affine Toda field model, J.

Reine Angew. Math., 459 (1995), 119–150.

[6] J. Bolton and L. M. Woodward: Congruence theorems for harmonic maps from a Riemann surface into C Pn and Sn, J. London Math. Soc., 45(2) (1992), 363–376.

[7] J. Bolton and L. M. Woodward: The affine Toda equations and minimal surfaces, in Harmonic Maps and Integrable Systems, eds. A. P. Fordy and J. C. Wood, Vieweg, 1993.

[8] R. L. Bryant: Conformal and minimal immersions of compact surfaces into the 4-sphere, J. Diff.

Geom., 17 (1982), 455–473.

[9] F. E. Burstall and J. H. Rawnsley: Twistor theory for Riemannian symmetric spaces, Lecture Notes in Mathematics 142, Springer, Berlin, 1990.

[10] E. Calabi: Minimal immersions of surfaces into Euclidean spheres, J. Diff. Geom., 1 (1967), 111–125.

[11] S. S. Chern: On minimal spheres in the four sphere, in Studies and Essays Presented to Y. W.

Chen, Taiwan 1970.

[12] J. Eells and S. Salamon: Twistorial construction of harmonic maps of surfaces into four-manifolds, Ann. Scuola Norm. Sup. Pisa, (4) 12 (1985), 589–640.

[13] D. Ferus, F. Pedit, U. Pinkall and I. Sterling: Minimal tori in S4, J. Reine Angew. Math., 429 (1992), 1–47.

HELEN L. FAWLEY 267

[14] P. Griffiths and J. Harris: Principles of Algebraic Geometry, Wiley-Interscience, New York 1974. [15] S. Helgason: Differential Geometry, Lie Groups, and Symmetric Spaces, Academic Press, New York, San Francisco, London 1978.

[16] N. J. Hitchin: Harmonic maps from a 2-torus to the 3-sphere, J. Diff. Geom., 31 (1990), 627–710. [17] S. Kobayashi and K. Nomizu: Foundations of Differential Geometry, Vol. 2, Wiley-Interscience, New York 1969.

[18] H. B. Lawson: Complete minimal surfaces in S3, Ann. Math., 92 (1970), 335–374. [19] U. Pinkall and I. Sterling: On the classification of constant mean curvature tori, Ann. Math., 130 (1989), 407–451.

[20] J. Wolf: Spaces of Constant Curvature, Publish or Perish, New York 1977.