The history of the early period of soliton theory

Markus Heyerhoff

Marienstr. 18, 58455 Witten, Germany e-mail: markus.heyerhoff@t-online.de

Abstract: The theory of soliton systems today touches an enormous range of theories and methods in various fields of mathematics and allows numerous applications in many areas of natural sciences from physics to biology and engineering. This multidisciplinary character of soliton theory can be traced back to its earliest days. Soliton theory has different and independent beginnings in fields as far apart as hydrodynamics, solid state physics, field theory, differential geometry and numerics. These different beginnings will be roughly sketched here. In all these areas the soliton theory at the beginning focused more on solitons than on soliton equations (or even systems of soliton equations). Even in differential geometry the interests of mathematicians were more directed towards the geometric interpretation of (what later became) the solitons: the pseudospherical surfaces. The equations governing these surfaces were of course studied with great care, but more as means to an end. The theory of soliton systems of today therefore started as theory of solitons. That began to change with the connection of the former independent roots of the “early period of soliton theory” and the rapid spreading of the new constituted soliton theory from 1967 on. There the early period ended and classical soliton theory began.

The soliton theory is a scientific discipline which lies in mathematics as well as in physics. And again not only in one area of mathematics or physics but in various different disciplines there. And the curious thing is that it shows in all these different areas different faces. In the history of soliton theory these different faces existed from the beginning on. And the effect was, that for over 130 years no one investigating the solitary wave or a soliton equation was thinking of connecting these different faces in the different areas of science to one theory. A rough survey over the early history of soliton theory can be seen in Fig. 1. There the most important contributions to soliton theory can be found. The sequences of papers which succeed one another dealing with the same subject offer the arrangement in “lines of development”. Four of them can be seen: one in hydrodynamics, one in differential geometry, one in solid state physics and one in numerics. It is interesting to see how many runs of soliton theory failed to establish its effects in science until the breakthrough took place in the seventies of this century. From then on the discipline “soliton theory” combined all the former independent roots and became what it is today. Now soliton theory connects several branches of science, it is interdisciplinary. The very beginnings of soliton theory started in mathematics, mathematical physics, theoretical physics and experimental physics. During its early history the several at first independent aspects of soliton theory developed to a main frame. The most different “lines of development” united. The early period of soliton theory began with the discoveries in experimental hydrodynamics in 1834 [2] and ended with the discovery of the inverse scattering transformation method (IST) in 1967 [3]. This is the historic region where apart from the mainstream of developments single 13 papers dealing with themes from what is now soliton theory showed up. But soliton theory did not yet exist. There was no idea, no conception of it, no system of terms. With the discovery of IST by Gardner, Greene, Kruskal and Miura in 1967 [3] one began to recognize the connections between the different branches. A search for new aspects began and the new discipline “soliton theory” started constituting. The formal acceptance soliton theory found in 1973 when it entered the subject index of Physics Abstracts. The section of time beginning with 1967 can be called the “classical period” of soliton theory. The theory and its conception become worked out in detail. This period of time seems not yet completed. It is not at all possible to survey the section of the classical period because a soliton-boom followed the paper by Gardner et al. at the end of the sixties. Until now many thousands of papers exist around the soliton theory.

Solitons are governed by nonlinear equations. In physics soliton theory was in opposition to linearity since its earliest days. Although nonlinearity was present in almost every branch of physics one considered the few known solutions of some nonlinear differential equation until the 60’s of this century in physics far less important than solutions of linear equations. Firstly because within small boundaries almost everything can be linearized more or less. And secondly linearity means additivity without disturbing interaction. Therefore the opinion was prevailing that nonlinear equations would not be able to serve in particle models because the solutions of nonlinear equations have to interact violently when hitting each other. And this violent agitation was thought to destroy the initial properties of the solutions. That changed with the discoveries of soliton theory. The name “soliton” appeared the first time in 1965 [1]. It was given to solutions of the KdV by Martin Kruskal and Norman Zabusky. They gave the name because of the particle properties of these solutions on one hand and the solitary wave on the other hand. The expression “solitary wave” dates back to 1837 and was given by John Scott Russell, an engineer and artist in ship building, to a solitary water wave [2]. Kruskal and Zabusky however had chosen “solitron” instead of “soliton” for the name of the wave, for putting it into the same zoo of particle names as electron and neutron and so on. But the name “solitron” was a trade mark and therefore not suitable.

When a scientist familiar with soliton theory is asked about its history the first names he remembers is usually Russell and Korteweg / de Vries. Many details of this most famous and oldest root of soliton theory, where shallow water waves became investigated, are reviewed by Robin Bullough [4, 5]. In a canal a solitary wave can travel over long distances. It “presents itself as a solitary progressive elevation of the surface of a quiescent fluid, neither preceded nor followed by any secondary or successive phenomena,” as Russell describes the wave in 1837 [2] or 1838 as “a heap of a well-defined form” [6]. As we know today the shape corresponds to a solution of the KdV, where ξ is a constant: z(x, t) = 2ξ^2 1 cosh^2 ξ(x − 4ξ^2t) . The famous French mathematician Joseph Louis Lagrange wrote in his book Méchanique analytique in 1788 that some waves in canals have to be described with nonlinear equations of motion. But for simplification he only concentrated on linear equations and got for result the well-known linear velocity of the waves v = p_{gh} where g is the gravitation constant and h the depth of the water.

The first one investigating these types of waves more carefully was the Scottish engineer and ship designer John Scott Russell. In 1834 he was appointed to investigate the Union Canal, which is a small canal between Edinburgh and Glasgow for the purpose of using it with fast steam boats. In summer 1834 he noticed a single wave coming from a fast traveling boat which had suddenly stopped [2, 6, 7]. Russell was immediately fascinated by this wave, because he realized its unusual qualities distinguishing “the wave”, as he called it at first, from other waves. The wave traveled solitarily and without change of form over a long distance. Russell was filled with enthusiasm by his discovery so that he made many experiments on this wave, for example the following one: with horses he pulled a few larger boats dozens of times very fast into one direction. Each one was sending a solitary wave to one of the closed ends of the canal transporting a portion of water to this end. In the evening Russell observed, that the level of water at this end got raised eighteen inches and at the other end it had sunk the same amount [8, 9]. This way Russell showed the transporting quality of the wave and called it “the great wave of translation”. Russell was neither a mathematician nor a physicist. His mathematical tools were rather poor. But he had the experiment as tool for his research and used it extremely well. In over a hundred experiments he investigated the properties of his wave: the lack of dispersion, the uniformness, the collision properties and the velocity v of the wave

v = p_{g(h + H).}

The velocity deviated from the known linear velocity and Russell understood what that meant. The wave must be of a completely different manner than usual waves because the velocity depended on the amplitude H of the wave. But immediately after Russell had published his results he was attacked by physicists. Right at the front by the famous George Biddell Airy who attacked him pretty badly [10]. He misunderstood the whole phenomenon and did not trust Russell’s experiments. George Gabriel Stokes was more careful and tried to come to Russell’s results analytically [11]. But he was only able to get more or less linear results and formulated some doubts about Russell’s. Here one can see the problems of nonlinearity. Nonlinear partial differential equations are difficult to solve, and this is probably one reason why they were almost ignored in physics for a long time. Now a long discussion started between physicists and mathematicians. And soon Russell, tired of discussions, retired from science and started to build large steam ships with great success.

In 1872 the French mathematician Joseph de Boussinesq wrote an analytical treatment on waves in canals and gave an equation for the solitary wave which was later named after him [12]. He indicated a solution of his equation which had the shape of the solitary wave and which corresponded to Russell’s velocity of the wave. Funny enough the article was almost ignored in England. But in 1876 Lord Rayleigh published an article on the same subject [13]. In rather long-winded calculations he came to solutions quite similar to Boussinesq’s which showed the properties of Russell’s wave. That could have cleared the whole discussion. But instead a long quarrel started about the stability of Rayleigh’s solutions and their velocity, which differed a little from Russell’s and others due to a little difference in Rayleigh’s ansatz. The quarrel was finally terminated by the Amsterdam professor of mathematics Dieterik Korteweg and his PhD student Gustav de Vries in 1895. They discussed the whole problem and formulated the equation which is now named after them Korteweg–de Vries equation [14]. And they indicated solutions which showed exactly the qualities Russell had described 50 years earlier. Now Russell’s experiments had found their theory and one could think that scientists would continue to investigate the extraordinary results of this theory. But that did not happen. The phenomenon of the solitary wave vanished from the table of science for many decades.

Another important root of soliton theory lies in differential geometry. About 20 years ago it was discovered that all soliton equations show an interesting quality: their solutions describe surfaces with special curvature properties. These surfaces were studied in differential geometry of the last century, among them pseudospherical surfaces i.e. surfaces of constant negative Gaussian curvature.

In his paper of 1839 Ferdinand Minding investigated such surfaces [15]. After his proof that surfaces of the same constant Gaussian curvature can be put into a one-to-one correspondence he used among others rotational surfaces of constant negative Gaussian curvature as examples for his result and gave a detailed description of them.

23 years later it was Edmond Bour [16] who gave a “new and surprising” equation for such rotational surfaces, which nowadays is called sine-Gordon equation (sG)

∂^2Φ ∂u ∂v = sin Φ,

where Φ is the angle between the asymptotic lines of the surface. Bour mentioned the sinus-amplitudinis solutions of the sG but gave no further description of the equation. A little later Ossian Bonnet in 1867 [17] and Alfred Enneper in 1868 [18] mentioned the sG as an equation for pseudospherical surfaces. Of course they could not know that this equation was something special or even solitonic.

In the seventies of last century the question arose to find all pseudospherical surfaces and the answer found was this: via surface transformations. That means transformations which transform one known pseudospherical surface into another. The first one successful in finding such a transformation was the Italian mathematician Luigi Bianchi in 1879. With his transformation he was able to find from one known surface infinitely many new pseudospherical surfaces [19]. One year after Bianchi the Norwegian mathematician Sophus Lie found another transformation with the same properties [20]. This transformation is known as the Lie transformation and physicists call it Lorentz transformation. Lie reformulated Bianchi’s transformation too and had the good guess that these two transformations together could form a third transformation with which one was able to find all pseudospherical surfaces [21]. In 1883 the Swedish mathematician Albert Victor Bäcklund confirmed this by generalizing Bianchi’s transformation into what is nowadays called Bäcklund transformation [22]. In 1889 Gaston Darboux [23] put it into a form which is used today:

∂(Φ_σ − Φ) ∂u = 2 1 + sin σ cos σ sin Φ_σ + Φ 2 , ∂(Φ_σ + Φ) ∂v = 2 1 − sin σ cos σ sin Φ_σ − Φ 2 . Due to the free parameter σ infinitely many solutions Φ_σ can be obtained by using this transformation from a known solution Φ of the sG, it can even be the trivial solution Φ ≡ 0. The condition of integration is the known sG. Again the Bäcklund transformation can be used more than once taking the former result Φ_σ as the new Φ and obtaining another Φ_σ . This can be done infinite times obtaining twice infinite solutions. In this way the sG is not only the eldest known soliton equation but already in the last century proved to be integrable.

Bianchi found in 1892 [24] that by multiple application of the Bäcklund transformation the result is the same no matter which succession for the transformations is chosen:

B_{σ1} B_{σ2} = B_{σ2} B_{σ1} .

In the proof of this Bianchi formulated the following equation: tan Φ_{12} − Φ 2 = cos^1_2 (σ_1 + σ_2) sin^1_2 (σ_1 − σ_2) tan 1 2 (Φ_1 − Φ_2).

It says that if two Bäcklund-transforms Φ_1 and Φ_2 of a starting solution Φ are known, one can obtain a third solution Φ_{12} only by algebraic operations. That showed that no integration of the Bäcklund transformation is needed anymore except for the first ones. For physicists this equation is interesting because the equation shows that for the solutions of the sG a “nonlinear superposition principle” exists in the way the equation shows.

The sG and its Bäcklund transformation are the only discoveries of differential geometry which played a major role in the early period of soliton theory. Later, in the classical period of soliton theory, many more soliton equations and techniques were discovered. And some also showed to have roots in differential geometry of the last and the beginning of this century. A few of these I shall touch here:

• In his well known treatise on surfaces of constant mean curvature Julius Weingarten mentioned the hyperbolic sinh-Gordon equation in 1863 [25]

∂^2θ ∂u^2 − ∂^2θ ∂v^2 = sinh θ

in the form ∂^2θ ∂u ∂v = e^θ − e�^θ 2 , which was shown to have soliton solutions in 1985 [26].

• As S. P. Tsarev found out in 1992 [27] the well known Bullough–Dodd equation

∂^2θ ∂u^2 − ∂^2θ ∂v^2 = e^θ − e�^{2θ}

was already treated by the Romanian mathematician G. Tzitzéica in 1910 [28] in the form

∂^2 ln Θ ∂ũ ∂ṽ = Θ − 1 Θ^2 . Tzitzéica also gave the respective linear problem as well as the proper Bäcklund transformation for it.

• From B. A. Dubrovin [29] comes the hint that the “three wave system”, a soliton system integrable by the IST, coincides with the Egorov coordinate systems. Tsarev [27] mentioned that this kind of systems was initiated by Darboux in 1866 (who proposed in 1910 to call it Egorov type systems [30]) and continued by D. TH. Egorov in 1901 in his thesis [31]. Luigi Bianchi found the Bäcklund transformation for this problem in 1915 [32] and established the superposition formula for it.

• In 1882 Gaston Darboux [33] gave the basic proof for the today so-called Darboux transformation. A detailed description of its history can be found in [34].

In a way the mathematicians of the last century entered much deeper into soliton theory than Russell 30 years earlier who had recognized the unusual features of the solitary wave. I cannot imagine a greater contrast in procedure within one discipline of science. In experimental hydrodynamics the attributes of solitons were discovered and described very exactly. But an equation did not exist at first because of the lack of mathematical capacity. In differential geometry some mathematics of the later soliton theory was derived in a precise manner, but no physical meaning could be recognized.

In this century the soliton theory took a new run to establish itself in physics. Many historical details of this line of development are reviewed by Alfred Seeger [35, 36]. This, again completely different ansatz, lies in solid state physics and dates back to 1913. In this time physicists thought about the atomic structure of matter, especially of metals. And a central question was how the plastic deformation of metals took place in the crystal lattice of the metal and how the mechanism worked. The first ansatz in this field came from the German physicist Theodore von Kármán, who introduced a model given by Ludwig Prandtl in 1913 [37]. This and similar models of the atomic structure in crystals during the act of deformation were discussed widely. The one by G. I. Taylor [38], a British physicist, which followed an ansatz of Ulrich Dehlinger from 1929 [39], again points towards the sG.

Fig. 2: Model for the mechanism of deformation of a crystal lattice by G. I. Taylor [38].

Fig. 2 shows a crystal lattice. If one atom is pulled away, let’s say to the left, the others follow, each jumping into the new hole, the free lattice space of the neighbour atom. In this way a “dislocation” runs through the crystal. This model was widely discussed and improved by the Leningrad professor for theoretical physics Jacov Ilich Frenkel and his assistant Tatjana Abramovna Kontorova in 1938 [40]. They continuized the Taylor model into the Frenkel–Kontorova model, where not only each atom moved alone over one lattice distance but many atoms formed a long dislocation line. In this way the dislocation becomes a wave of translation.

Fig. 3: The dislocation line of the Frenkel-Kontorova model [40]

Frenkel suspected the solitonic character of his dislocation line because he assumed that the process of travelling through the crystal would happen without any losses of energy. This is equivalent to Russell’s solitary wave of translation which travelled over long distances without change of form and velocity. Frenkel rewrote Dehlinger’s equation, from 1929, of motion of a dislocation and included its dynamics which Dehlinger had left out m d^2q_n dt^2 = −2π A a sin 2π q_n a + C(q_n�_1 − 2q_n + q_n�_1),

where q_n is a distance of the n-th atom from its equilibrium position, a — lattice constant, A and C are constants.

The right-hand side represents the force on the n-th atom. F results from the two neighbour atoms pulling from each side at the atom with a linear force (right term) and the line of atoms “underneath” the dislocation, assumed to be rigid, pulls at the n-th atom with a sinusoidal potential. A careful look at this equation will uncover that a continuization of the space variable n leads directly to the sG. But Frenkel and Kontorova did not carry out this real continuization. But they implicitly assumed it in their way of solving the equation. So they arrived at the one-soliton solution of the sG. The German physicists Ulrich Dehlinger and Albert Kochendörfer assumed these travelling dislocations to be of so great importance that they gave them the name “Eigenbewegungen” pointing out their similarity to the “Eigenschwingungen” which result from the quadratic potential of the quantum mechanical model of the atoms [41]. They assigned the task to generalize the Frenkel–Kontorova model to the physics student Alfred Seeger for diploma thesis in 1948. And he was the first, after having undertaken the continuization of the model, writing down the sG in a physical context. But although trying hard he was not able to integrate the equation. Two years later, while he was working on his PhD thesis, by chance he came along the works of Bianchi in differential geometry [42]. Now he had found the possibility to obtain the solutions of the sG by Bäcklund transformation and he investigated them carefully. While he was doing so he discovered their amazing qualities: the uniformness, their lack of dispersion and their collision properties. And amazing was Bianchi’s superposition principle because it showed that nonlinear equations could govern particles. In physics there still existed the dogma, that only linear waves can be attributed particle character due to lack of superposition for nonlinear waves. This was disproved now. Seeger was able to solve the sG and he had recognized the unusual features of the solitary wave as well as Russell 100 years earlier. Actually, with the publication of these results by Seeger et al. in 1953 [43], the soliton theory could have come to the decisive breakthrough, which occurred only later in 1967 in the USA. From our position nowadays the discoveries around the KdV and the sG appear like a race of these two equations: Which one could establish soliton theory in the scientific world? And in 1953 the sG seemed to be miles ahead of the KdV which was completely forgotten by that time and not yet integrated. The discoveries in Germany around the sG in solid state physics could have been the ignition for soliton theory. But that did not happen. The scientific community was not interested in another nonlinear partial differential equation. Although Seeger’s discoveries were very promising there was not much attention payed to them because one could not find any generality in that case [44]. The effects found seemed to be singular in an ocean of problems and equations, they seemed to be without general significance. For the purpose to show the generality Seeger searched for other equations which on the one hand fulfilled Bianchi’s superposition principle and on the other hand were Lorentz invariant as required for physical equations of that type. But he did not find any further equations and after a while he stopped working on this phenomenon and it became forgotten.

Even the complete independent discoveries in field theory by the British physicist Tony Hilton Royle Skyrme in 1962 could not prevent this. He proposed the sG for equation of motion of particles and interpreted the solutions being some elementary particles [45]. But he did not get through. So the sG fell into oblivion again.

But not for long. In 1955 the physicists Enrico Fermi, John Pasta and Stanisław Ulam in Los Alamos had an enormous computer at their disposal. It was the MANIAC I, the strongest computer existing at that times. Interested in the abilities of such machines they investigated systems without closed analytic solutions. And in their first numeric experiment they simulated 64 particles on a string coupled by quadratic forces [46]. If now one particle was hit out of its equilibrium position the physicists expected the energy to distribute into all the higher oscillation modes. This would be the normal process for nonlinear coupling. But instead the energy focused on the ground mode again and did not disappear in distributing itself. Fermi, Pasta and Ulam could not really understand that process and did no further systematic investigations on it. But it activated additional studies. Two American mathematicians, Norman Zabusky and Martin Kruskal, picked up the Los Alamos studies and in 1965 continuized the particles on the string to a continuum. And they showed that the continuum problem had the KdV for equation of motion. Their numerical experiments showed that two solutions of the KdV penetrated through themselves undisturbed, like particles. Now the integration of the KdV became an interesting question. And as a consequence in 1967 a method for integrating the KdV was found: the IST.

In the race between the KdV and the sG the KdV started overtaking now. Its connection to the Schrödinger equation had pushed it forward a great deal. From now on the developments in soliton theory went blow on blow. More and more the connections between all these equations and theories became understood: integrability and the solitons. A new scientific discipline, the soliton theory, started to exist.

REFERENCES

[1] Norman J. Zabusky and Martin D. Kruskal: Interaction of “Solitons” in a Collisionless Plasma and the Recurrence of Initial States, Physical Review Letters 15, 6 (1965), 240–243.

[2] John Scott Russell: On Waves. Report of the Committee on Waves, . . . British Ass. for the Adv. of Science, Seventh Report 1837, 417–496.

[3] Clifford S. Gardner, John M. Greene, Martin D. Kruskal and Robert. M. Miura: Method for Solving the Korteweg-de Vries Equation, Physical Review Letters 19 (1967), 1095–1097.

[4] Robin K. Bullough and P. J. Caudrey: The Soliton and Its History, Robin K. Bullough and P. J.

Caudrey: Solitons. Topics in current physics, 17, Springer 1980, 1–64.

[5] Robin K. Bullough: “The Wave” “Par Excellence”, . . . An Early History of the Solitary Wave, Lakshmanan, M. (ed.): Solitons. Introduction and applications, Springer, Berlin 1988.

[6] John Scott Russell: Experimental Researches into the Laws of Certain Hydrodynamical Phenomena. . . Royal Society of Edinburgh, Transactions 14 (1838), 47–108.

[7] John Scott Russell: Report on Waves. British Ass. for the Adv. of Science, Fourteenth Report 1844, 311–391.

[8] John Scott Russell: The modern system of naval architecture. Day & Son, London 1865. [9] G. S. Emerson: John Scott Russell: A great Victorian engineer and naval architect, John Murray, London 1977.

[10] George Biddell Airy: Tides and waves, Encyclopaedia Metropolitana (1845). [11] George Gabriel Stokes: On the Theory of Oscillatory Waves. Cambridge Philosophical Society, Transactions 8 (1847) 441.

[12] M. J. Boussinesq: Théorie des ondes et des remus qui se propagent le long d’un canal rectangulaire horizontal, . . . Journal de Mathematique Pures et Appliquées (2) 17 (1872), 55–108.

22 EARLY PERIOD OF SOLITON THEORY

[13] Lord Rayleigh: On Waves. The London, Edinburgh and Dublin Philosophical Magazine (5) 1 (1876), 257–279.

[14] Dieterik J. Korteweg and Gustav de Vries: On the Change of Form of Long Waves advancing in a Rectangular Canal, and on a New Type of Stationary Waves, The London, Edinburgh and Dublin Philosophical Magazine 39 (1895), 422–443.

[15] Ferdinand Minding: Wie sich entscheiden lässt, ob zwei gegebene krumme Flächen aufeinander abwickelbar sind oder nicht. . . Journal für reine und angewandte Mathematik 19 (1839), 370–387.

[16] Edmond Bour: Théorie de la déformation des surfaces. Journal de l’École Imperiale Polytechnique 19, Cahier 39 (1862), 1–148.

[17] Ossian Bonnet: Mémoire sur la théorie des surfaces applicables sur une surface donnée II. Journal de l‘École Imperiale Polytechnique 25, Cahier 42 (1867), 1–151.

[18] Alfred Enneper: Analytisch-geometrische Untersuchungen V. Nachr. Königl. Ges. d. Wiss. u. d.

Georg August Universität Göttingen (1868), 252.

[19] Luigi Bianchi: Ricerche sulle superficie a curvatura constante e sulle elicoidi. Tesi di Abilitazione.

Annali di Scuola Normale Superiore Pisa 1, 2 (1879), 285–340.

[20] Sophus Lie: Über Flächen, deren Krümmungsradien durch eine Relation verknüpft sind. Archiv for Math. og Naturv. 4 (1880), 507–512.

[21] Sophus Lie: Untersuchungen Über Differentialgleichungen IV. Christ. Forh., Aar (1883), 18. [22] Albert Victor Bäcklund: Om ytor med konstant negativ krökning, Lund Universitets Arsskrift 19, 6 (1883), 1–48 [23] Gaston Darboux: Leçons sur la théorie générale des surfaces et les applications géometriques du calcul infinitésimal, Gautier-Villars, Paris 1889–94.

[24] Luigi Bianchi: Sulla transformatione di Bäcklund per le superficie pseudosferiche, Rend. Acc. Naz.

Lincei (5) 1 (2. Sem. 1892), 3–12.

[25] J. Weingarten: Über die Oberflächen, für welche einer der beiden Hauptkrümmungshalbmesser eine Function der anderen ist, Journal für reine und angewandte Mathematik 62 (1863), 160–173.

[26] A. K. Pogrebkov and M. K. Polivanov: Sov. Sci. Rev. Sec. C 5 (1985), 197. [27] Sergei P. Tsarev: Classical Differential Geometry and Integrability of Systems of Hydrodynamic Type, Preprint 1992.

[28] G. Tzitzéica: Sur une nouvelle classe de surfaces. Comp. Rend. Acad. Sci., Paris 150 (1910), 955–956, 1227–1229.

[29] B. A. Dubrovin: On the differential geometry of strongly integrable systems of hydrodynamic type.

Funk. Anal. 24 (1990), 280–285.

[30] Gaston Darboux: Leçons sur les systémes orthogonaux et les coordonnées curvilignes, Paris 1910. [31] D. Th. Egorov: Collected papers on differential geometry, Nauka, Moscow 1970 (In Russian). [32] Luigi Bianchi: Opere, 3: Sisteme tripli ortogonali, Roma 1955.

[33] Gaston Darboux: Sure une proposition relative aux equations lineaires, Compt. Rend. Acad. Sci.

Paris 94 (1882), 1456–1459.

[34] V. B. Matveev and M. A. Salle: Darboux Transformations and Solitons, Springer, Berlin 1990. [35] Alfred Seeger: Solitons in crystals. Proceedings: Continuum models of discrete systems 1980, 253– 327.

[36] Alfred Seeger: Solitons and statistical thermodynamics. Trends in Appl. of Pure Math. to Mech., in Proc. 1985 Kröner, E. / Kirchgässner, K. (Eds.) Lecture Notes in Physics 249, Springer, Berlin.

[37] Theodore von Kármán: Physikalische Grundlage der Festigkeitslehre, Encyclopädie der mathematischen Wissenschaften, Bd. IV, 4, Teubner, Leipzig (1907–1914), 695–770.

[38] G. I. Taylor: The mechanism of plastic deformation of crystals. Royal Society of London, Proceedings A, 145 (1934), 362–415.

[39] Ulrich Dehlinger: Zur Theorie der Rekristallisation reiner Metalle. Habilitationsarbeit. Annalen der Physik (5) 2 (1929), 749–793.

MARKUS HEYERHOFF 23

[40] Jakov Ilitsch Frenkel and Tatjana Abramovna Kontorova: On the theory of plastic deformation and twinning I, II, III. (In Russ.) JETP 8 (1938), 89–95 (I), 1340–1349 (II), 1349–1359 (III). Shortened translation of I and II: On the theory of plastic deformation and twinning. J. of Physics (Moscow) 1 (1939), 137–149. Translation of I: Physikalische Zeitschrift der Sowjetunion 13 (1938), 1–10.

[41] Ulrich Dehlinger and Albert Kochendörfer: Eigenbewegungen in Kristallgittern. Zeitschrift für Physik 116 (1940), 576–585.

[42] Luigi Bianchi: Vorlesungen über Differentialgeometrie, Teubner, Leipzig 1910. [43] Alfred Seeger, H. Donth and Albert Kochendörfer: Theorie der Versetzungen in eindimensionalen Atomreihen III: Versetzungen, Eigenbewegungen und ihre Wechselwirkungen. Zeitschrift für Physik 134 (1953), 173–193.

[44] Alfred Seeger: Private communications.

[45] Tony Hilton Royle Skyrme: A unified field theory of mesons and baryons, Nuclear Physics 31 (1962), 556–569.

[46] Enrico Fermi, J. Pasta and Stanisław Marcin Ulam: Studies of Nonlinear Problems, Los Alamos Scientific Report LA-1940, May 1955. Reprinted in

1. Collected Papers of Enrico Fermi, Vol II, 978–988, Univ. of Chicago Press 1965. 2. Stanisław Ulam: Sets, Numbers and Universes, MIT-Press 1974, 490–501. 3. Stanisław Ulam: Analogies Between Analogies, University of California Press.