Equi-centroaffinely homogeneous surfaces with vanishing Pick invariant in R^4

Huili Liu

Technische Universität Berlin, FB 3-Mathematik, MA 8-3, Straße des 17. Juni 136, D-10623 Berlin e-mail: liu@math.tu-berlin.de

Abstract: A nondegenerate equi-centroaffine surface in R^4 is called homogeneous if for any two points p and q on the surface there exists an equi-centroaffine transformation

in R^4 which takes the surface to itself and takes p to q. In this paper we determine

the definite equi-centroaffinely homogeneous surfaces with vanishing Pick invariant in

R^4 up to centroaffine transformations.

MSC 1991: 53 A 15, 53 C 30

1 Equi-centroaffine surfaces in R^4

The equi-centroaffine differential geometry of surfaces in R^4 is the study of the properties of surfaces which are invariant under the equi-centroaffine group Γ in R^4. Γ is the subgroup of the equiaffine transformation group in R^4 which keeps the origin 0 ∈ R^4 invariant.

Let x : M → R^4 be a oriented, immersed surface such that x(p) /∈ dx(T_pM ) for all p ∈ M and x(M) does not lie in a hyperplane of R^4. For any oriented, local basis σ = {E_1, E_2} of T M with the dual basis {θ_1, θ_2} we define

G^σ = [E_1(x), E_2(x), x, d^2x] = 2∑ i,j=1 [E_1(x), E_2(x), x, E_iE_j(x)]θ_i ⊗ θ_j , (1.1)

where [ ] is the standard determinant in R^4. G^σ is a symmetric 2-form. We assume that G^σ is nondegenerate. If τ is another local basis of T M , we have

|det G^τ |�^{14} G^τ = |det G^σ|�^{14} G^σ,

where | | denotes the absolute value of the real number (or the norm of the complex number). Therefore G = |det G^σ|�^{14} G^σ (1.2)

is independent of the choice of the basis σ and thus a globally defined symmetric 2-form.

From (1.1) we know that G is an invariant under equi-centroaffine transformations. G is called the equi-centroaffine metric of x : M → R^4. Let Δ denote the Laplacian of G. {x, Δx} is called the equi-centroaffine normalization of x : M → R^4 ([4]). 335

Remark: The definitions of equi-centroaffine metric G of x : M → R^4 here and the equiaffine metric of x : M → R^4 in [8] are different. Some equi-centroaffine surfaces in

R^4 are degenerate surfaces under equiaffine metric, cf. [4].

We call x a nondegenerate equi-centroaffine surface if G^σ is nondegenerate. x is called definite or indefinite if G^σ is definite or indefinite, respectively. In this paper we consider only definite surfaces in R^4.

For the equi-centroaffine surface x, let ∇ = {Γ^k_{ij}} and ^∇ = {^Γ^k_{ij}} be the induced connection and the Levi–Civita connection of the equi-centroaffine metric G. We define the Fubini–Pick form C by C^k_{ij} := Γ^k_{ij} − ^Γ^k_{ij}, i, j, k = 1, 2. (1.3) We know that C^k_{ij} is symmetric for i and j. The Pick invariant is defined by J = 1 2 G^{ij}C^l_{ik}C^k_{lj} . (1.4) Let x : M → R^4 be an equi-centroaffine surface with definite equi-centroaffine metric G. We choose a local basis σ = {E_1, E_2} of T M such that G = 2ϵe^w(du^2 + dv^2), (1.5) where ϵ = ±1. Then {E_1(x), E_2(x), x, Δx} forms a local moving frame for R^4 along M , where Δ is the Laplacian of G. Since {G^σ} defines a conformal structure on M , in each point we can introduce a complex coordinate z such that z = u + iv. We denote x_z =^1_2 (x_u − ix_v), x_{z̄} =^1_2 (x_u + ix_v), dz = du + idv, dz̄ = du − idv. Then (1.5) can be written as G = 2ϵe^w(du^2 + dv^2) = 2ϵe^w |dz|^2 = ϵe^w(dz ⊗ dz̄ + dz̄ ⊗ dz). (1.6) Therefore [x_z, x_{z̄}, x, x_{zz}] = [x_z, x_{z̄}, x, x_{z̄z̄}] = 0 and G^σ = [E_1(x), E_2(x), x, d^2x] = [x_u, x_v, x, d^2x] = −2i[x_z, x_{z̄}, x, x_{zz̄}](dz ⊗ dz̄ + dz̄ ⊗ dz). (1.7) By (1.2), (1.6) and (1.7) we obtain −2i[x_z, x_{z̄}, x, x_{zz̄}] = ϵe^{2w}. (1.8) We assume that x_{zz} = θx_z + e�^wφx_{z̄} + ψx. (1.8) yields θ = w_z. Hence x_{zz} = w_zx_z + e�^wφx_{z̄} + ψx. (1.9)

Proposition 1.1: Let Φ, Ψ be the forms on M defined by

Φ = φdz^3 = e^w [x_z, x_{zz}, x, x_{zz̄}] [x_z, x_{z̄}, x, x_{zz̄}] dz^3, (1.10)

Ψ = ψdz^2 = [x_z, x_{z̄}, x_{zz}, x_{zz̄}] [x_z, x_{z̄}, x, x_{zz̄}] dz^2. (1.11)

Then Φ, Ψ are globally defined on M and equi-centroaffine invariants. Proposition 1.2: (i) If the definite equi-centroaffine surfaces x, x̃ : M → R^4 are equicentroaffinely equivalent, then G = G̃, Φ = Φ̃, Ψ = Ψ̃. (1.12) (ii) Conversely, if x, x̃ : M → R^4 are definite equi-centroaffine surfaces such that (1.12) holds, then x and x̃ are equi-centroaffinely equivalent.

In the following, we derive the integrability conditions for the equi-centroaffine surface x : M → R^4. From (1.9) we have

x_{zz} = w_zx_z + e�^wφx_{z̄} + ψx, x_{z̄z̄} = w_{z̄}x_{z̄} + e�^wφ̄x_z + ψ̄x, x_{zzz̄} = (w_{zz̄} + e�^{2w} |φ|^2)x_z + (e�^w φ_{z̄} + ψ)x_{z̄} + (e�^wφψ̄ + ψ_{z̄})x + w_zx_{zz̄}, x_{z̄z̄z} = (e�^wφ̄_z + ψ̄)x_z + (w_{zz̄} + e�^{2w} |φ|^2)x_{z̄} + (e�^wφ̄ψ + ψ̄_z)x + w_{z̄}x_{zz̄}. (1.13) Hence x_{zzz̄z̄} = x_{z̄z̄zz} yields

(w_{zz̄} + e�^{2w} |φ|^2)_{z̄} + e�^{2w}φ̄φ_{z̄} = (e�^wφ̄_z + ψ̄)_z + ψ̄_z + w_{z̄}(w_{zz̄} + e�^{2w} |φ|^2),

(e�w_{φz̄ + ψ)z̄ + ψz̄ + wz(wzz̄ + e}�2w_{|φ|}2_{) = e}�2w_{φφ̄z + (wzz̄ + e}�2w_{|φ|}2_{)z ,} (e�w_{φz̄}¯_{ψ) + (e}�w_φ¯_{ψ + ψz̄)z̄ + wz(e}�w_{φ̄ψ +}¯_{ψz) =}

= (e�^wφ̄_zψ) + (e�^wφ̄ψ + ψ̄_z)_z + w_{z̄}(e�^w φψ̄ + ψ_{z̄}), that is,

(e�w_{wzz̄ + e}�3w_{|φ|}2_{)z + e}�3w_{φφ̄z − e}�w_{(e}�w_{φz̄ )z̄ − 2e}�w_{ψz̄ = 0, (1.14)} (e�2w_φ¯_{ψ + e}�w_{ψz̄)z̄ + e}�2w_{φz̄}¯_{ψ = (e}�2w_{φ̄ψ + e}�w¯_{ψz)z + e}�2w_{φ̄zψ. (1.15)}

Let κ be the Gauss curvature of x, then from (1.6) we have κ = −ϵe�^ww_{zz̄}. (1.14)

2 Equi-centroaffinely homogeneous surfaces with J ȷ 0 in R^4

An equi-centroaffine surface in R^4 is called equi-centroaffinely homogeneous, if for any two points p and q on the surface there exists an equi-centroaffine transformation in

R^4 which takes the surface to itself and takes p to q. Therefore, an equi-centroaffinely

homogeneous surface is an orbit of an equi-centroaffine group which acts on a fixed point

in R^4. In this section, we prove the following theorem.

Theorem 2.1: Let x : M → R^4 be a nondegenerate definite equi-centroaffinely homogeneous surface with vanishing Pick invariant. Then x is centroaffinely equivalent to : { x^2_1 − x^2 = 1 x^2_3 + x^2_4 = 1.

This surface can be written as

x = (cosh u, sinh u, cos v, sin v), u ∈ R, v ∈ [0, 2π].

Its generating group is

cosh u sinh u 0 0 sinh u cosh u 0 0 0 0 cos v − sin v 0 0 sin v cos v

| | | | | | u ∈ R, v ∈ [0, 2π] ,

which acts on the point^t(1, 0, 1, 0), and the equi-centroaffine metric is given by

G = du^2 + dv^2.

Proof: Let x : M → R^4 be a nondegenerate definite equi-centroaffinely homogeneous surface with vanishing Pick invariant. Since x is equi-centroaffinely homogenous, φ (or ψ) ≠ 0 means that φ(p) ≠ 0 (or ψ(p) ≠ 0) for all points p ∈ M. When ψ = 0, x lies in a hyperplane of R^4. So we may assume that ψ ≠ 0. From the homogeneity of x, we know that the Gauss curvature κ of x is constant.

By a direct computation we have

C^1_{11} = C^1_{12} = C^2_{12} = C^2_{22} = 0, C^2_{11} = e�^wφ, C^1_{22} = e�^wφ̄. (2.1)

Then the Pick invariant of x is given by

J = ϵe�^{3w}φφ̄. (2.2)

Hence J ≡ 0 if and only if φ ≡ 0.

From (1.14) and φ = 0 we have ψ_{z̄} = 0. Then by e�^{2w}ψψ̄ = constant we get

ψ_z − 2w_zψ = 0, w_{zz̄}ψ = 0, that is w_{zz̄} = 0. But w_{zz̄} = 0 means that x is flat. When x is flat, we can choose the coordinates such that w ≡ 0. Hence ψ_{z̄} = 0 and ψψ̄ = constant give ψ = constant. Therefore, if φ = 0 we obtain that x is flat and ψ is constant.

By the flatness of x we assume that w ≡ 0. Since φ = 0 and ψ is constant, (1.14) and (1.15) are identically satisfied. From (1.13) we have

x_{zz} = ψx. (2.3)

Since ψ is nonzero constant, we may assume that ψ ≡ 1 because x_{ττ} = λ�^2φλ̄x_{τ̄} +

λ�2_{ψx, τ = λz. Then we get}

x_{zz} = x. (2.4) By x_{uu} = x_{zz} + x_{z̄z̄} + 2x_{zz̄}, x_{uv} = i(x_{zz} − x_{z̄z̄} ), x_{vv} = −(x_{zz} + x_{z̄z̄} ) + 2x_{zz̄}, we have { x_{uu} − x_{vv} = 4x, x_{uv} = 0. (2.5) Setting (2u, 2v) → (u, v), then (2.5) becomes x_{uv} = 0, x_{uu} − x_{vv} = x. From x_{uv} = 0 we have x = f(u) + g(v). By x_{uu} − x_{vv} = x we obtain

f(u) = c_1 cosh u + c_2 sinh u, (2.6) g(v) = c_3 cos v + c_4 sin v, (2.7)

where c_i ∈ R^4, i = 1, 2, 3, 4, [c_1, c_2, c_3, c_4] ≠ 0. Then

x = (c_1, c_2, c_3, c_4)^t(cosh u, sinh u, cos v, sin v). (2.8)

The surface is centroaffinely equivalent to

x = (cosh u, sinh u, cos v, sin v). (2.9) 2 Acknowledgements. I would like to thank Professor U. Simon and my colleague Dr. Changping Wang for helpful discussions and valuable suggestions.

REFERENCES

[1] S. Kobayashi and K. Nomizu: Foundations of Differential Geometry I, II , Interscience Publishers 1962, 1969.

[2] A. M. Li, U. Simon and G. Zhao: Global affine Differential Geometry of Hypersurfaces, W. De Gruyter, Berlin-New York 1993.

340 HOMOGENOUS SURFACES IN R^4

[3] H. L. Liu and C. P. Wang: Centroaffinely homogeneous surfaces in R 3 , Contributions to Algebra and Geometry 35 (1994), 109–117.

[4] H. L. Liu: Centroaffinely homogeneous surfaces in R3 and R4, Dissertation, FB Mathematik, TU Berlin 1996.

[5] A. M. Lopšic: K teorii poverchnosti n izmerenij v ekvi-centroaffinnom prostrantsve n+2 izmerenij, Trudy Sem. po Vektor i. Tenzor. Analizu 8 (1950), 286–295 (Russian; German transl.: Zur Theorie einer n-dimensionalen Fläche im äquizentroaffinen Raum von 2+n Dimensionen, Univ. Bibl. Dortmund Ü/DO 722).

[6] U. Simon, A. Schwenk-Schellschmidt and H. Viesel: Introduction to the Affine Differential Geometry of Hypersurfaces, Lecture Notes, Science University of Tokyo (1991), ISBN 3-7983-1529-9.

[7] R. Walter: Centroaffine differential geometry: submanifolds of codimension 2, Results in Mathematics 13 (1988), 386–402.

[8] C. P. Wang: Equiaffine Theorem of Surfaces in R4, Dissertation, FB Mathematik, TU Berlin 1995.