Affine differential geometry and soliton equations

Changping Wang

Technische Universität Berlin, FB 3-Mathematik, MA 8-3, Straße des 17. Juni 136, D-10623 Berlin e-mail: wang@math.tu-berlin.de

Abstract: In the affine differential geometry of Blaschke we study the properties of submanifolds in Rn which are invariant under the equiaffine transformation group G = {σ | σ(x) = Ax + a, A ∈ SL(Rn), a ∈ R^3}. Affine hyperspheres form a very important class of affinely invariant submanifolds in Rn. In this report we will investigate relations between 2-dimensional affine spheres in R^3 and some kinds of soliton equations.

1 The Blaschke metric for surfaces in R^3.

Let x : M −→ R^3 be an immersion. Let σ = {E_1, E_2} be a local basis for TM with dual basis {ϑ^1, ϑ^2}. One can define a symmetric 2-form g^σ, locally given by

g^σ = [E_1(x), E_2(x), d^2x] = [E_1(x), E_2(x), E_iE_j(x)]ϑ^i ⊗ ϑ^j = g^σ_{ij}ϑ^i ⊗ ϑ^j, (1.1)

where [ ] is the standard determinant in R^3, E_i(x) denotes the directional derivative of x; we adopt the Einstein convention in the formula. If τ is another local basis for TM we get g^σ = det(A)g^τ for the transport matrix A from σ to τ . So the property that g^σ is nondegenerate is an affine invariant property of the surface x. We call such a surface a nondegenerate surface. For a nondegenerate surface one can easily verify that

(det(g^σ_{ij}))�^{1/4}g^σ = (det(g^τ_{ij}))�^{1/4}g^τ := g. (1.2)

Thus g is a globally defined (pseudo-) metric on M which is equiaffinely invariant. g is called the Blaschke metric for nondegerate surface x in R^3. One can easily generalize the definition of g to nondegenerate hypersurface in R^n for any dimension n. A surface in Euclidean space E^3 is then nondegenerate if the second fundamental form h := h_{ij}du^idu^j is nondegenerate. The Blaschke metric is now given by

g = det(h_{ij})�^{1/4}h, (1.3)

which is conformally equivalent to the second fundamental form h.

2 The Blaschke normal for surfaces in R^3

For any oriented nondegenerate surface x : M −→ R^3 one can define a unique transversal vector field ξ on x(M) satisfying

dξ(v) ∈ dx(TM), [E_1(x), E_2(x), ξ] = 1, (2.1) 377 where v ∈ TM and {E_1, E_2} is an arbitrary orthonormal basis of TM with respect to g. It is clear that ξ is equiaffinely invariant. The geometrical meaning of ξ is the following. Let x(M) be a locally strongly convex surface in R^3. Let p ∈ M. For any small t we consider a plane π_t parallel to π_0 := dx(T_pM). π_t intersects x(M) in a plane curve P (t). Let c(t) be the barycentre of P (t). Then c(t) defines a curve through x(p) which is clearly equiaffinely invariant. So c0(0) is an equiaffine invariant up to a nonzero factor. Thus we get an equiaffine invariant line bundle on x(M). Then ξ is the unique section of this line bundle such that [dx(·), dx(·), ξ] is exactly the volume form of the Blaschke metric.

3 Affine sphere in R^3

A nondegenerate surface in R^3 is called an affine sphere, if all ξ meet in one point x_0 in

R^3 ∪ {∞}. Unlike Euclidean geometry, in the affine case we have infinity many different

affine spheres in R^3. It is easy to see that all nondegenerate quadrics in R^3 are affine spheres. Another interesting affine sphere in R^3 is given by the equation x_1x_2x_3 = 1 for x_i > 0. There are three types of locally strongly convex affine spheres, namely of elliptic type, hyperbolic type or parabolic type, corresponding to the cases that the center x_0 is on the convex side of the surface, on the concave side of the surface or x_0 = ∞. To show that how many hyperbolic affine spheres may exist we mention the following conjecture of Calabi, which has been proved by the works of S. Y. Cheng and S. T. Yau [2], T. Sasaki [8], A. M. Li [4]:

Conjecture: Any hyperbolic affine sphere with complete Blaschke metric is asymptotic to a convex cone in R3 with the center of the affine sphere as vertex. Conversely, for any convex cone there exists a unique hyperbolic affine sphere in R3 with complete Blaschke metric which is asymptotic to the cone with center in its vertex.

4 Indefinite affine spheres as solutions of a soliton equation

Let x : M −→ R3 be an affine sphere with indefinite Blaschke metric g. We introduce a local asymptotic coordinate system (u, v) for g such that g = e^ω (du ⊗ dv + dv ⊗ du). (4.1) We define Φ := e^ω [x_u, x_{uu}, ξ] [x_u, x_v, ξ] du^3 := φdu^3; (4.2)

Ψ := e^ω [x_{vv}, x_v, ξ] [x_u, x_v, ξ] dv^3 := ψdv^3. (4.3)

Though Φ and Ψ are locally defined, they are in fact independent of the choice of the asymptotic coordinate system (u, v). Thus they are globally defined on M.

Theorem ([7]). {g, Φ, Ψ} is a complete equiaffinely invariant system for indefinite surfaces in R3 which determines the surface up to equiaffine transformations in R3.

Using this invariant system we can write the structure equations for an indefinite affine sphere as follows:

x_{uu} = ω_ux_u + e�^ωφx_v, (4.4)

x_{uv} =^1_4e^ω ξ, (4.5)

x_{vv} = ω_vx_v + e�^ωψx_u, (4.6) ξ_u = −Hx_u, ξ_v = −Hx_v. (4.7) If we denote by E the matrix (x_u, x_v, ξ), we can rewrite the structure equation as E_u = EU, E_v = EV, (4.8) where the matrices U and V are given by

U =

0
@^{wu 0 −H}

e�ω_{φ 0 0}

0^1_4 e^ω 0

1
A_{, V =}

      0
      @^{0 e�ωψ 0}

0 ω_v −H 1 4 e^ω 0 0

1
A_{. (4.9)}

The integrability condition is given by

U_v − V_u = [U, V ], (4.10)

which is equivalent to the equations

ω_{uv} + e�^{2ω}φψ +^1_4He^ω = 0, (4.11)

φ_v = ψ_u = 0, H = constant, (4.12)

where H is the so-called affine mean-curvature of x. In case Φ = φ du^3 ≠ 0 and Ψ = ψ dv^3 ≠ 0 we can change the asymptotic coordinates (u, v) such that φ = 1 and ψ = ε ∈ {1, −1}. Thus we get

ω_{uv} + εe�^{2ω} +^1_4He^ω = 0, H = constant. (4.13)

Equation (4.13) is a soliton equation. So any indefinite affine sphere with Φ ≠ 0 and Ψ ≠ 0 produces a solution ω to the soliton equation (4.13). Conversely, given any solution ω of the soliton equation we can define two matrices U and V by (4.9), where φ = λ ≠ 0 and ψ = ελ�^1, which satisfies the integrability conditions (4.10). Thus for any nonsingular initial matrix E_0 we get a unique solution E = (x_1, x_2, ξ) of (4.8) depending on λ. Then by solving dx_λ = x_1du + x_2dv we get a solution x_λ. It is easy to check that, for any λ, x_λ is a indefinite affine sphere with invariants g = e^ω(du ⊗ dv + dv ⊗ du), Φ = λdu^3 and Ψ = ελ�^1dv^3. Thus one solution of (4.13) determines a 1-parameter family of indefinite affine spheres in R^3.

5 Definite affine spheres as solutions of a soliton equation

Let x : M −→ R^3 be an affine sphere with positive definite Blaschke metric g. We introduce a local complex coordinate system z for g such that g = e^ω (dz ⊗ dz̄ + dz̄ ⊗ dz). (5.1) We define a complex cubic form Φ by

Φ := e^ω [x_{zz}, x_z, ξ] [x_{z̄}, x_z, ξ] dz^3. (5.2)

Though locally defined Φ is in fact independent of the choice of the complex coordinate z, thus it is globally defined on M.

Theorem ([7]).{g, Φ} gives a complete equiaffinely invariant system for definite surfaces in R3 which determines the surface up to equiaffine transformations in R3.

Using this invariant system we can write the structure equations for definite affine sphere as follows:

x_{zz} = ω_zx_z + e�^ωφx_{z̄}, (5.3) x_{zz̄} =^1_4 e^ωξ, (5.4) x_{z̄z̄} = ω_{z̄}x_{z̄} + e�^ωφ̄x_z, (5.5) ξ_z = −Hx_z, ξ_{z̄} = −Hx_{z̄}. (5.6) If we denote by E the complex matrix (x_z, x_{z̄}, ξ), we can rewrite the structure equations as E_z = EU, E_{z̄} = EV, (5.7) where the matrices U and V are given by U =

0
@^{ωz 0 −H}

e�ω_{φ 0 0}

0^1_4e^ω 0

1
A_{, V =}

      0
      @^{0 e�ωφ̄ 0}

0 ω_{z̄} −H 1 4e^ω 0 0

1
A_{. (5.8)}

The integrability conditions are given by

U_{z̄} − V_z = [U, V ], (5.9)

which is equivalent to the equation

ω_{zz̄} + e�^{2ω}|φ|^2 +^1_4He^ω = 0, (5.10)

φ_{z̄} = 0, H = constant, (5.11) where H is the so-called affine mean-curvature of x. In a neighborhood U ⊂ M with Φ = φ dz^3 ≠ 0 we can change the complex coordinate z such that φ = 1. Thus we get

ω_{zz̄} + e�^{2ω} +^1_4 He^ω = 0, H = constant. (5.12)

Equation (5.12) is a soliton equation. So any definite affine sphere yields a solution ω to the soliton equation (5.12). Conversely, given any solution ω of the soliton equation we can define two matrices U and V by (5.8), where φ = e^{iϑ} for some ϑ ∈ R, which satisfies the integrability conditions (5.9), thus for any nonsingular complex initial matrix E_0 = (a, b, c) with a = b̄ and c = c̄ we get a unique solution E = (x_1, x_2, ξ) of (5.7) depending on ϑ. Then by solving dx_ϑ = x_1dz + x_2dz̄ we get a solution x_ϑ. It is easy to check that, for any ϑ, x_ϑ is a definite affine sphere with invariants g = e^ω (dz⊗dz̄+dz̄⊗dz) and Φ = e^{iϑ}dz^3 . Thus one solution of (5.12) determines a 1-parameter family of definite affine spheres in R^3.

6 Some global results

We note that the solutions of the soliton equation (5.12) cannot produce all definite affine spheres in R^3 , because for a general affine sphere Φ may have zero points. So in general we have to solve globally the equation

△ω + 4|φ|^2e�^{2ω} + He^ω = 0, φ_{z̄} = 0. (6.1)

Fortunately we can solve this equation in some case.

Theorem ([9]). Given any no vanishing holomorphic cubic form Φ on a compact Riemann surface M_g with genus g ≥ 1 and any constant H < 0, there exists a unique metric G = e^ω |dz|^2 , compatible with the Riemann structure on M_g, such that ω solves equation (6.1).

Combine this with a theorem of Simon-Wang mentioned in Section 5 we get Theorem ([9]). For any given non-vanishing holomorphic cubic form Φ on a compact Riemann surface M_g there exists a unique affine sphere M (up to affine transformations)

in R^3 with complete Blaschke metric which admits an action of a discrete equiaffine

subgroup Γ such that (i) M/Γ = M_g , (ii) the cubic form of x defined by (5.2) is the given form Φ.

REFERENCES

[1] W. Blaschke: Vorlesungen Über Differentialgeometrie, II, Berlin, J. Springer, 1923. [2] S. Y. Cheng and S. T. Yau: Complete affine hypersurfaces, Part I: the completeness of affine metric, Commun. Pure and Appl. Math. 30 (1986), 839–866.

[3] W. Jelonek: Solitons and projectively flat affine surfaces, this volume.

[4] A. M. Li: Calabi conjecture on hyperbolic affine hyperspheres (2), Math. Ann. 293 (1992), 485–493. [5] A. M. Li, U. Simon and G. Zhao: Global Affine Differential Geometry of Hypersurfaces, W. De Gruyter. Berlin-New York (1993).

[6] K. Nomizu and T. Sasaki: Affine Differential Geometry, Cambridge University Press, 1994. [7] U. Simon and C. P. Wang: Local theory of affine 2-spheres, Proc. Symposia Pure Math. 54 (1993), 585–598.

[8] T. Sasaki: Hyperbolic affine hyperspheres, Nagoya Math. J. 77 (1980), 107–123. [9] C. P. Wang: Some examples of complete hyperbolic affine 2-spheres in R3, Lecture Notes in Math.

1481 (1990), 271–280.