Langevin equation

Chapter 28

Weak noise dynamics

⇓PRIVATE In fact I’m Vattay Gábor, just these Indo-Europeans mix up the right order. ⇑PRIVATE

(G. Vattay and P. Cvitanović)

When a deterministic trajectory is smeared out under influence of Gaussian white noise of strength D, the deterministic dynamics is recovered ⇓PRELIMINARY ⇑PRELIMINARY in the weak noise limit D → 0.

fast track:

chapter 29, p. 561

28.1 Weak noise

Consider a deterministic flow

ẋ = v(x) + ξ(t) , (28.1)

perturbed by a weak stochastic term ξ(t). The best studied example is the Langevin equation for a Brownian particle, in which one replaces the Newton’s equation for force by two counter-balancing forces: random kicks ξ(t) which tend to smear out a particle trajectory, and a damping term which tries to drive the velocity to zero. Assuming that the distribution of kicks is Gaussian (white noise), and the kicks so frequent that they can be assumed uncorrelated, one derives a fluctuation-dissipation theorem that relates the temperature of the background gas to the damping constant and the mass of the Brownian particle. 555

556 CHAPTER 28. WEAK NOISE DYNAMICS

white noise noise!white Fokker-Planck equation

Here we shall consider more general stochastic differential equations in the weak noise limit. The equation (28.1) is meaningless unless we specify the probability distribution for ξ(t)’s. If the noise is weak, |v(x)| > |ξ|, and uncorrelated in time ⟨ ξ(t)ξ(t^′) ⟩ = 2Dδ(t − t^′) , (28.2)

it is common to assume that the noise is white, that is, specified by a Gaussian distribution after an infinitesimal time step δτ ,

p(ξ, δτ ) = √ δτ 4πD e^{− ξ24D δτ} (28.3)

with boundary condition that as D → 0, the distribution tends to the (deterministic) Dirac delta function. The time evolution of ρ(x, t), the probability distribution of x, is governed by the (generalized) Fokker-Planck equation

∂_tρ + ∇(ρv(x)) = D∇^2ρ. (28.4)

eliminate symbol nabla ∇

(The symbol nabla ∇ denotes the divergence when it acts on vectors and the gradient, when it acts on scalars.) We say that the system is bound if for large values of x the probability distribution vanishes ρ(x, t) → 0 , as |x| → ∞ .

In this case the total probability is conserved ∫ dx ρρ(x, t) = e^{−Φ(x,t)/D}. (28.5)

The time evolution of Φ is given by

∂_tΦ + ∇Φv + (∇Φ)^2 − D∇v + D∇^2Φ = 0 .

Consider now the weak noise limit and drop the terms proportional to D. The remaining equation

∂_tΦ + H(x, ∇Φ) = 0. (28.6)

noise - 14feb2004 version 10.1.7, Jan 20 2004

28.1. WEAK NOISE 557

least action principle is reminiscent of the Hamilton-Jacobi equation of classical physics. The function Φ can be interpreted as a noise “action” corresponding to the noise “Hamiltonian” H(x, p) = pv(x) + p^2 . with the Hamilton equations of motion replace boldface D

ẋ = ∂_pH = v + 2p, (28.7) ṗ = −∂_xH = −Ap . (28.8)

and the “noise”Lagrangian link to mat of varia-

tions A def

L(x, ẋ) = (ẋ − v(x))^2. (28.9)

What is the meaning of this Hamiltonian, Lagrangian, action? We can figure out this by taking two points x and x^′ and asking which is the most probable noisy path that connects them in time T . The probability of a given path x(t) is the same as the probability of the noise sequence ξ(t) which generates the path. This probability is proportional with the product of the noise probability functions along the path, or the stochastic Wiener path integral normalize

P (x, x^′, t) ∼ exp ( − 1 D ∫_T 0 dtξ^2(t) ) . (28.10)

The most probable path is the one which maximizes the integral inside of the exponential. If we express the noise as ξ(t) = ẋ(t) − v(x(t)) the condition leads to the least action principle of Fermat?

min ∫_T 0 dt(ẋ(t) − v(x(t)))^2 = min ∫_T 0 L(x(t), ẋ(t))dt, (28.11)

like in the classical mechanics. Following the usual mechanics textbook derivation of the path minimizing the action integral, we can convince ourselves, that it is given by the solution of the Hamilton’s equations. To a given x, x^′ and T we have to find the initial p which realizes this path.

version 10.1.7, Jan 20 2004 noise - 14feb2004

558 References

Langevin equation Onsager-Machlup

Commentary

Remark 28.1 Literature. Theory of stochastic processes is a vast subject, spanning over centuries and over disciplines ranging form pure mathematics to impure financial dealings. We enjoyed reading van Kampen classic [28.1], especially his railings against those who blunder carelessly into nonlinear landscapes (with this chapter we join the list of van Kampen’s sinners). A more specialized monograph like Risken’s [28.2] will do just as well. The “Langevin equation” introduces noise and damping only into the acceleration of Newton’s equations; here we are considering more general stochastic differential equations in the weak noise limit. Onsager-Machlup seminal paper [28.16] was the first to introduce variational methods with the Lagrangian (28.9), but for linear stochastic ODE’s only (ie, no state space varying velocity field v(x)).

Résumé

The effect of the noise can be taken into account by adding noise corrections to the classical trace formula.

recheck whether something can be used from chapter/refsQmnoise

References

[28.1] N. G. van Kampen, Stochastic Processes in Physics and Chemistry (North Holland, Amsterdam, 1981).

[28.2] H. Risken, The Fokker-Planck equation: methods of solution and applications, (Springer-Verlag, New York, 1989).

[28.3] W. Dittrich and M. Reuter, Classical and Quantum Dynamics: From Classical Paths to Path Integrals (Springer-Verlag, Berlin 1994).

[28.4] E.M. Lifshitz and L.P. Pitaevskii, Physical Kinetics (Pergamon, London 1981).

[28.5] C. Itzykson and J.-M. Drouffe, Statistical field theory, vols. 1, 2 (Cambridge U. Press, 1991).

[28.6] V. Ambegaokar, Reasoning about luck; probability and its uses in physics (Cambridge Univ. Press, Cambridge 1996).

[28.7] B. Sakita, Quantum theory of many variable systems and fields, (World Scientific, Singapore 1985).

[28.8] G.E. Uhlenbeck, G.W. Ford and E.W. Montroll, Lectures in Statistical Mechanics (Amer. Math. Soc., Providence R.I., 1963).

refsNoise - 15aug2003 version 10.1.7, Jan 20 2004

References 559

[28.9] M. Kac, “Random walk and the theory of Brownian motion”, (1946), reprinted in ref. [28.10].

[28.10] N. Wax, ed. Selected Papers on Noise and Stochastic Processes (Dover, New York 1954).

[28.11] E. Nelson , Quantum Fluctuations (Princeton Univ. Press 1985) [28.12] H. Kunita, Stochastic Flows and Stochastic Differential Equations (Cambridge Univ. Press, Cambridge 1990).

[28.13] H. Haken and G. Mayer-Kress, Z. f. Physik B 43, 185 (1981). [28.14] M. Roncadelli, Phys. Rev. E 52, 4661 (1995). [28.15] G. Ryskin, Phys. Rev. E 56, 5123 (1997).

[28.16] L. Onsager and S. Machlup, Phys. Rev. 91, 1505, 1512 (1953). [28.17] E. Gozzi, M. Reuter and W.D. Thacker, Phys. Rev. D 40, 3363 (1989). [28.18] E. Gozzi and M. Reuter, Phys. Lett. 233B, 383 (1989); 238B, 451 (1990);

240B, 137 (1990).

[28.19] E. Gozzi, M. Reuter and W. D. Thacker, Phys. Rev. D 46, 757 (1992). [28.20] E. Gozzi, M. Reuter and W. D.T hacker Chaos, Solitons and Fractals 2, 441 (1992).

[28.21] Benzi et al., Jour. Phys. A 18, 2157 (1985). [28.22] R. Graham, Europhys. Lett. 5, 101 (1988). [28.23] R. Graham and T. Tel, Phys. Rev. A 35, 1382 (1987). [28.24] R. Benzi, G. Paladin, G. Parisi and A. Vulpiani, J. Phys. A 18, 2157 (1985).

[28.25] L. Arnold and V. Wihstutz, Lyapunov exponents, Lecture Notes in Math.

1186 (Springer-Verlag, New York 1986).

[28.26] M. V. Feigelman and A. M. Tsvelik, Sov.Phys.JETP 56, 823 (1982). [28.27] G. Parisi and N. Sourlas, Nucl. Phys. B206, 321 (1982). [28.28] F. Langouche et al., Functional integration and semiclassical expansion, (Reidel, Dordrecht 1982).

[28.29] O. Cepas and J. Kurchan, “Canonically invariant formulation of Langevin and Fokker-Planck equations”, European Phys. J. B 2, 221 (1998),

cond-mat/9706296

version 10.1.7, Jan 20 2004 refsNoise - 15aug2003