498 References

Exercises

Exercise 28.1 Who ordered √ π? Derive the Gaussian integral 1 √ 2π ∫_∞ −∞ dx e^{− x22a} = √ a , a > 0 .

assuming only that you know to integrate the exponential function e^{−x}. Hint, hint: x^2 is a radius-squared of something. π is related to the area or circumference of something.

Exercise 28.2 Dirac delta function, Gaussian representation. Consider the Gaussian distribution function

δ_σ(z) = 1 √ 2πσ^2 e^{−z2/2σ2} .

Show that in σ → 0 limit this is the Dirac delta function ∫ M dx δ(x) = 1 if 0 ∈ M , zero otherwise .

Exercise 28.3 D-dimensional Gaussian integrals. Show that the Gaussian integral in D-dimensions is given by 1 (2π)^{d/2} ∫ d^dxe^{− 12 xT ·M −1·x+x·J} = |det M|^{12} e^{12 J T ·M·J} , (28.53)

where M is a real positive definite [d × d] matrix, that is a matrix with strictly positive eigenvalues. x, J are D-dimensional vectors, and x^T is the transpose of x.

Exercise 28.4 Stationary phase approximation in higher dimensions. All semiclassical approximations are based on saddlepoint evaluations of integrals of type

I = ∫ d^DxA(x)e^{iΦ(x)/ℏ} (28.54)

for small values of ℏ. Obtain the stationary phase estimate

I ≈ ∑ n A(x_n)e^{iΦ(xn)/ℏ}

(2πiℏ)^{D/2} √ det D^2Φ(x_n) ,

where D^2Φ(x_n) denotes the second derivative matrix.

exerVanVleck - 20jan2005 version 11.1, Jan 16 2005