Periodic orbit theory of chaotic tunneling

Olivier Sigwarth Stephen Creagh Niall Whelan Predrag Cvitanović

April 17, 1998

PACS: 03.20.+i, 03.65.Sq, 05.40.+j, 05.45.+b keywords: cycle expansions, periodic orbits, dynamical zeta functions, quantum tunneling.

Abstract

1 cycle expansions.

1 Introduction

This paper is organized as follows: Section 2 is a brief introduction to cycle expansion averaging. In section ?? some known are reviewed and section ?? considers . The summary and conclusion is presented in section 7.

Cycle expansion is a technique for evaluation of averages and eigenvalues of chaotic systems (for an introduction to the periodic orbit theory we refer the reader to ref. [1]) and is based on calculation of derivatives of dynamical zeta functions.

2 Periodic orbit averaging

Expand the dynamical zeta function as a formal power series, 1/ζ = ∏ p (1 − t_p) = 1 − ∑′ p1+p2+...+pk t_{p1+p2+...+pk} , 1file alf.nbi.dk:predrag/articles/tunnel/tunnel.tex 1st draft, (first draft 18 Apr 98) 18 Apr 98 - printed April 17, 1998

t_{p1+p2+...+pk} = (−1)^{k+1}t_{p1} t_{p2} . . . t_{pk} (1)

where the prime on the sum indicates that the sum is over all distinct nonrepeating combinations of prime cycles. For k > 1, t_{p1+p2+...+pk} are weights of pseudocycles; they are sequences of shorter cycles that shadow a cycle with the symbol sequence p_1p_2 . . . p_k along segments p_1, p_2, . . ., p_k.

The simplest example is the cycle expansion for a system described by a complete binary symbolic dynamics. In this case the Euler product (??) is given by 1/ζ = (1 − t_0)(1 − t_1)(1 − t_{01})(1 − t_{001})(1 − t_{011})

(1 − t_{0001})(1 − t_{0011})(1 − t_{0111})(1 − t_{00001})(1 − t_{00011}) (1 − t_{00101})(1 − t_{00111})(1 − t_{01011})(1 − t_{01111}) . . .

and the first few terms of the expansion (1) ordered by increasing total pseudocycle length are:

1/ζ = 1 − t_0 − t_1 − t_{01} − t_{001} − t_{011} − t_{0001} − t_{0011} − t_{0111} − . . .

−t_{0+1} − t_{0+01} − t_{01+1} − t_{0+001} − t_{0+011} − t_{001+1} − t_{011+1} −t_{0+01+1} − . . .

We refer to such series as a cycle expansion. A cycle expansion is a series representation of a dynamical zeta function or a spectral determinant, expanded as a sum over pseudocycles, ordered by increasing cycle length and instability.

The next step is the key step: regroup the terms into the dominant fundamental contributions t_f and the decreasing curvature corrections c_n. For the binary case this regrouping is given by

1/ζ = 1 − t_0 − t_1 − [(t_{01} − t_1t_0)] − [(t_{001} − t_{01}t_0) + (t_{011} − t_{01}t_1)] −[(t_{0001} − t_0t_{001}) + (t_{0111} − t_{011}t_1)

+(t_{0011} − t_{001}t_1 − t_0t_{011} + t_0t_{01}t_1)] − . . . = 1 − ∑ f t_f − ∑ n c_n . (2)

We refer to such regrouped series as curvature expansions. This separation into “fundamental” and “curvature” parts of cycle expansions is possible only for dynamical systems whose symbolic dynamics has finite grammar. The fundamental cycles t_0, t_1 have no shorter approximants; they are the “building blocks” of the dynamics in the sense that all longer orbits can be approximately pieced together from them. The terms grouped in brackets are the curvature corrections; the terms grouped in parenthesis are combinations of longer orbits and their shorter “shadowing” approximants. If the flow is continuous and smooth, orbits of similar symbolic dynamics will traverse the same neighborhoods and will have similar weights, and the weights in such combinations will almost cancel. The utility of cycle expansions dynamical zeta functions and spectral determinants lies precisely in this organization into nearly cancelling combinations: cycle expansions are dominated by short cycles, with long cycles giving exponentially decaying corrections.

3 Cycle formulas for dynamical averages

The eigenvalue condition for the dynamical zeta function (1)

0 = 1 − ∑′ t_{p1+p2+...+pk} , t_i = t_i(β, s(β)) = 1 |Λ_i| e^{β·Ai−s(β)Ti} (3)

is an implicit equation for s = s(β) of form G(β, s(β)) = 0. The cycle averaging formulas for the slope and the curvature of s(β) are obtained by taking the derivatives of the eigenvalue condition. The first derivative leads to

0 = d dβ G(β, s(β)) = ∂G ∂β + ∂s ∂β ∂G ∂s | | | | s=s(β) =⇒ ∂s ∂β = − ∂G ∂β / ∂G ∂s . (4)

Denoting by

⟨A⟩_G = − ∂G ∂β | | | β,s=s(β) , ⟨T⟩_G = ∂G ∂s | | | β,s=s(β) (5)

respectively the mean cycle expectation value of A and the mean cycle period computed from the G(β, s(β)) = 0 condition we obtain the cycle averaging formulas for the expectation value of the observable (??)

⟨a⟩ = ⟨A⟩_G ⟨T⟩_G (6)

3.1 Dynamical zeta function cycle expansions

Substituting the cycle expansion (1) for dynamical zeta function we obtain the cycle averaging formulas for the mean cycle A and the mean cycle period

⟨A⟩_ζ := − ∂ ∂β 1 ζ = ∑′ (A_{p1} + A_{p2} · · · + A_{pk} ) t_{p1+p2+...+pk} ⟨T⟩_ζ := ∂ ∂s 1 ζ = ∑′ (T_{p1} + T_{p2} · · · + T_{pk} ) t_{p1+p2+...+pk} ,

where ⟨· · ·⟩_ζ stands for the dynamical zeta function average over prime cycles, and cycle weights are evaluated at their leading eigenvalue values t_p = t_p(β, s(β)). For bounded flows s(0) = 0, so

⟨A⟩_ζ = ∑′ (−1)^{k+1}

A_{p1} + A_{p2} · · · + A_{pk} |Λ_{p1} · · · Λ_{pk} | ⟨T⟩_ζ = ∑′ (−1)^{k+1}

T_{p1} + T_{p2} · · · + T_{pk} |Λ_{p1} · · · Λ_{pk} |

. (7)

For example, for the complete binary symbolic dynamics the mean cycle period ⟨T⟩_ζ is given by

⟨T⟩_ζ = T_0 |Λ_0| + T_1 |Λ_1| + ( T_{01} |Λ_{01}| − T_0 + T_1 |Λ_0Λ_1| )

+ ( T_{001} |Λ_{001}| − T_{01} + T_0 |Λ_{01}Λ_0| ) + ( T_{011} |Λ_{011}| − T_{01} + T_1 |Λ_{01}Λ_1| ) + . . . (8)

and similarly for ⟨A⟩_ζ . Note that these cycle expansions are also grouped into shadowing combinations, with nearby pseudoorbits nearly cancelling each other.

The mean cycle period ⟨T⟩_ζ fixes the normalization of the unit of time; it can be interpreted as the average near recurrence or the average first return time. For example, if we have evaluated a billiard expectation value ⟨a⟩ in terms of continuous time, and would like to also have the corresponding average ⟨a⟩dscr measured in discrete time given by the number of reflections off billiard walls, the two averages are related by ⟨a⟩dscr = ⟨a⟩ ⟨T⟩_ζ / ⟨n⟩_ζ , (9) where ⟨n⟩_ζ is the average of the number of bounces n_p along the cycle p.

4 Quantum mechanical tunneling

det(H − E) = ∏ i (E_i − E) (10)

Split into symmetric, antisymmetric parts, make tunneling contribution explicit

det_+(H − E) = ∏ i (E_i + ΔE_i/2 − E)

det_−(H − E) = ∏ i (E_i − ΔE_i/2 − E) (11)

Up to first order in the (small) tunneling splitting ΔE_i:

det_+(H − E) det_−(H − E) = ∏ i (E_i − E) ( 1 +^{ΔEi} 2(Ei−E) ) ∏ i (E_i − E) ( 1 −^{ΔEi} 2(Ei−E) )

= ∏ i ( 1 + ΔE_i E_i − E ) = 1 + ∑ i ΔE_i E_i − E (12)

4.1 Semiclassical tunneling

To leading order in the tunneling

det_±(H − E) = ∏ p (1 − t_p) ∏ p^0

(1 − t^±_p0 )

= det_{sc}(H − E) − ∑′ p^01+p^02+...+p^0k

t_p0_{1+p}0_{2+...+p}0_k

= det_{sc}(H − E)

1 + 1 det_{sc}(H − E) ∑′ p^01+p^02+...+p^0k

t_p0_{1+p}0_{2+...+p}0_k

(13)

where p^′ are all fundamental domain prime cycles with exactly one minimal length tunneling segment, and det_{sc}(H − E) is the semiclassical zeta function (without tunneling contributions). Hence

det_+(H − E) det_−(H − E)

= 1 + 1 det_{sc}(H − E) ∑′ p^01+p^02+...+p^0k ( t_p0_{1+p}0_{2+...+p}0_k − t_p0_{1+p}0_{2+...+p}0_k ) (14)

Figure 1: The error suppression factor truncated zeta function.

and ∑ i ΔE_i E_i − E = 1 det_{sc}(H − E) ∑′ p^01+p^02+...+p^0k

Δt_p0_{1+p}0_{2+...+p}0_k (15)

Both sides have poles at E_i = E; to calculate the residue on the right-hand-side, Taylor expand det_{sc}(H − E) around E_i − E.

5 Numerical test of

6 Results

The averages we wish to know consist of

7 Conclusions

In conclusion we have demonstrated that exact

A Resummation

In this section the improved estimates of the zeta function derivatives are derived.

References

[1] Classical and Quantum Chaos - Periodic Orbit Theory, (with R. Artuso, R. Mainieri, G. Vatay, et al.), http://www.nbi.dk/ChaosBook/, advanced graduate textbook, in preparation.