Dynamical systems approach to 1-d spatiotemporal chaos – A cyclist’s view

A Thesis Presented to The Academic Faculty by Yueheng Lan

In Partial Fulfillment of the Requirements for the Degree Doctor of Philosophy

School of Physics Georgia Institute of Technology target submission date: May 18, 2004

www.cns.gatech.edu/∼y-lan – version 0.9 - June 8, 2004 – printed June 10, 2004

Dynamical systems approach to 1-d spatiotemporal chaos – A cyclist’s view

Approved by:

Professor Chair, Committee Chair

Professor Predrag Cvitanović, Adviser

Professor 1st

Professor 2nd Reference (Another Department)

Professor 3rd

Professor 4th

Date Approved

TABLE OF CONTENTS

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi I INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.1 From dynamical systems to periodic orbit theory . . . . . . . . . . . . . . 1 1.1.1 Historical perspective . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.1.2 Different approaches to dynamical systems . . . . . . . . . . . . . . 2 1.2 Periodic orbits: theory and numerics . . . . . . . . . . . . . . . . . . . . . 3 1.3 Turbulence:brief notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.3.1 Historical perspective . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.3.2 Main lines of approach . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.3.3 Spatiotemporal chaos . . . . . . . . . . . . . . . . . . . . . . . . . . 7 1.4 Periodic orbit theory on spatiotemporal chaos . . . . . . . . . . . . . . . . 8 II PERIODIC ORBIT THEORY . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.1 Dynamical systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.2 Physical averages in a dynamical system . . . . . . . . . . . . . . . . . . . 12 2.2.1 Space, time averages and ergodicity . . . . . . . . . . . . . . . . . . 12 2.2.2 Evolution operators and invariant measures . . . . . . . . . . . . . 13 2.3 Trace formula, spectral determinant and dynamical zeta function . . . . . 14 2.3.1 Trace formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 2.3.2 Geometrical interpretation . . . . . . . . . . . . . . . . . . . . . . . 17 2.3.3 Correlation functions . . . . . . . . . . . . . . . . . . . . . . . . . . 18 2.4 Cycle expansions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.4.1 Cycle formula for dynamical averages . . . . . . . . . . . . . . . . . 21 2.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 III PERIODIC ORBITS AND HOW TO FIND THEM . . . . . . . . . . . 24 3.1 Review of known techniques for locating UPOs . . . . . . . . . . . . . . . 24 3.1.1 Inverse iteration and anti-integral limit method . . . . . . . . . . . 24

3.1.2 Phase-space partition method and cyles from long time series . . . 26 3.1.3 Shooting method . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 3.1.4 Variational and relaxation approach . . . . . . . . . . . . . . . . . . 27 3.2 The Newton descent method in loop space . . . . . . . . . . . . . . . . . . 29 3.2.1 A variational equation for the loop evolution . . . . . . . . . . . . . 29 3.2.2 Marginal directions and accumulation of loop points . . . . . . . . 32 3.3 Extensions of Newton descent . . . . . . . . . . . . . . . . . . . . . . . . . 33 3.4 Implementation of Newton descent . . . . . . . . . . . . . . . . . . . . . . 35 3.4.1 Numerical implementation . . . . . . . . . . . . . . . . . . . . . . . 35 3.4.2 Initialization and convergence . . . . . . . . . . . . . . . . . . . . . 37 3.4.3 Symmetry considerations . . . . . . . . . . . . . . . . . . . . . . . . 38 3.5 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 3.5.1 Hénon-Heiles system and restricted three-body problem . . . . . . 39 3.5.2 Periodic orbits of Kuramoto-Sivashinsky system . . . . . . . . . . . 40 3.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 IV COMPLEX GINZBURG-LANDAU EQUATION . . . . . . . . . . . . . 44 4.1 Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 4.1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 4.1.2 Symmetries and Bekki-Nozaki solutions . . . . . . . . . . . . . . . . 45 4.1.3 Stokes solutions and their stability . . . . . . . . . . . . . . . . . . 46 4.1.4 Low-dimensional behavior of the CGLe . . . . . . . . . . . . . . . . 47 4.1.5 Phase chaos versus defect chaos . . . . . . . . . . . . . . . . . . . . 48 4.2 Coherent structures and MAWs . . . . . . . . . . . . . . . . . . . . . . . . 49 4.3 Reformulation of the problem . . . . . . . . . . . . . . . . . . . . . . . . . 50 4.4 4-D dynamical system and the existence of periodic solutions . . . . . . . 53 4.4.1 Case I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 4.4.2 Case II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 4.5 Analytic form of periodic solutions, stability analysis and numerical tests . 60 4.5.1 Case I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 4.5.2 Case II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 4.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

V 1 − D KURAMOTO-SIVASHINSKY EQUATION AND ITS STEADY SOLUTIONS 68 5.1 Derivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 5.2 Basic Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 5.2.1 Symmetry and Fourier modes . . . . . . . . . . . . . . . . . . . . . 70 5.2.2 Origin is the global attractor for small L . . . . . . . . . . . . . . . 71 5.2.3 Inertial manifold . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72 5.3 Steady solutions of the KSe . . . . . . . . . . . . . . . . . . . . . . . . . . 72 5.3.1 Heteroclinic and homoclinic Connections . . . . . . . . . . . . . . . 74 5.3.2 Periodic Solutions of the steady equation . . . . . . . . . . . . . . . 75 5.3.3 Phase space structure at small c . . . . . . . . . . . . . . . . . . . . 77 5.3.4 Variational approach . . . . . . . . . . . . . . . . . . . . . . . . . . 79 5.3.5 Other bounded solutions . . . . . . . . . . . . . . . . . . . . . . . . 80 5.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 VI SPATIOTEMPORAL DYNAMICS OF THE 1-D KURAMOTO-SIVASHINSKY EQUATION 82 6.1 Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82 6.1.1 Bifurcation sequence . . . . . . . . . . . . . . . . . . . . . . . . . . 82 6.1.2 Spatiotemporal chaos and recurrence patterns . . . . . . . . . . . . 83 6.2 Dynamics of KSe at L = 38.5 , ν = 1 . . . . . . . . . . . . . . . . . . . . . . 84 6.2.1 Qualitative dynamics and Fourier modes . . . . . . . . . . . . . . . 84 6.2.2 Steady solutions and the dynamics . . . . . . . . . . . . . . . . . . 85 6.2.3 Poincaré sections and intrinsic coordinates . . . . . . . . . . . . . . 86 6.2.4 Return maps and periodic orbits . . . . . . . . . . . . . . . . . . . 88 6.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 VII SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 APPENDIX A — REMARKS ON THE JACOBIANS FOR THE GENERAL FLOW 95 APPENDIX B — COMPARISON OF NEWTON DESCENT WITH VARIATIONAL PRINCIPLE IN HAMILTONIAN SYSTEM 97 APPENDIX C — THEOREMS USED IN THE PROOFS . . . . . . . . 101

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 INDEX . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

LIST OF TABLES

LIST OF FIGURES

1 The Ulam map f(x) = 4x(1 − x) on the unit interval. (a) The graph of the map with its symbolic regions denoted by 0 and 1. (b) The invariant measure: analytic result is depicted by the solid line; numerical result by the dots. 11 2 (a) An annulus L(τ) swept by the Newton descent flow dx̃/dτ, connecting smoothly the initial loop L(0) to the periodic orbit p = L(∞). (b) In general the loop velocity field ṽ(x̃) does not coincide with λv(x̃); for a periodic orbit p, it does so at every x ∈ p. 31 3 The Hénon-Heiles system in a chaotic region: (a) An initial loop L(0), and (b) the unstable periodic orbit p of period T = 13.1947 reached by the Newton descent (60). (c) The exponential decrease of the cost function, ln(F^2) ≈ −2.0502 τ + 6.0214. 39 4 (a) An initial loop L(0), and (b) the unstable periodic orbit p of period T_p = 2.7365 reached by the Newton descent (60), the restricted three body problem (66) in the chaotic regime, μ = 0.04. 40 5 The Kuramoto-Sivashinsky system in a spatio-temporally turbulent regime (viscosity parameter ν = 0.015, d = 32 Fourier modes truncation). (a) An initial guess L_1, and (b) the periodic orbit p_1 of period T_1 = 0.744892 reached by the Newton descent. (c) Another initial guess L_2, and (d) the resulting periodic orbit p_2 of period T_2 = 1.184668. 41 6 Level plot of the space-time evolution u(x, t) for the two spatio-temporally periodic solutions of figure 5: (a) the evolution of p_1, with start of a repeat after the cycle period T_1 = 0.744892, and (b) one full period T_2 = 1.184668 in the evolution of p_2. 42 7 A typical evolution of the CGLe (70) in the chaotic regime in a periodic box with size L = 100. α = 1.5 , β = −1.4 , 128 Fourier modes used. (a) The space-time gray scale plot; (b) The spatial profile of |A| at t = 450. 45 8 Marginal stability curve (MS) and Eckhaus instability curve (E) defining regions where plane waves solutions exist in the CGLe (inside (MS)), and are stable when 1 + αβ > 0 (inside (E)). Case I corresponds to the wave of maximal possible wavenumber and Case II to the wave with q = 0 and the maximal amplitude. 47 9 Phase diagram of the CGLe. The line LBF is the locus of the Benjamin-Feir instability. L_1, L_2 and L_3 intersect at the point C^∗. Below L_1 and L_3, only defect chaos is observed. The region enclosed by L_2, L_3 and LBF is a bichaotic region (marked BC). Note that L_2 crosses LBF. 49 10 Left: wavenumber distribution of stationary MAWs in the (α, β) plane. In (BFS), MAWs exist if q^2 > q^2_M. In (M1), MAWs exist ∀q. In (M2), MAWs exist if q^2 < q^2_M. Right: regions of existence of MAWs in the (q, μ) plane in the Benjamin-Feir-Newell stable regime ((BFS) region). (MS) is the marginal stability curve, (E) is the Eckhaus instability curve and (M) is existence curve defined by (96). Stationary MAWs exist outside (M). 55 11 Spatial profile of the amplitude R(x) from (117) at μ = 0.07264, with Rmax = 0.075. 62 12 Spatial profiles of the amplitude R for μ = 1, α = 1.5, β = −1.2, L = 8.958 from numerical simulation (dots) and the approximate solution (119) (solid line). The agreement is good, with the discrepancy mainly due to the long relaxation time close to the bifurcation point. 66 13 The stability eigenvalue of u(x, t) ≡ 0 versus the wavenumber kq. . . . . . 71 14 Phase diagram of (148) to the lowest order. . . . . . . . . . . . . . . . . . . 78 15 A non-symmetric steady solutions of (135),L = 38.5 , ν = 1 . (a) u, u_x projection in the 3-d phase space of (139); (b) The profile of the same orbit on the interval [0, L]; 79 16 The first antisymmetric steady solutions of (135),L = 38.5 , ν = 1 . (a) u, u_x projection in the 3-d phase space of (139); (b) The profile of the same orbit on the interval [0, L]; 79 17 The second antisymmetric steady solutions of (135),L = 38.5 , ν = 1 . (a) u, u_x projection in the 3-d phase space of (139); (b) The profile of the same orbit on the interval [0, L]; 80 18 The third antisymmetric steady solution of (135),L = 38.5 , ν = 1 . (a) u, u_x projection in the 3-d phase space of (139); (b) The profile of the same orbit on the interval [0, L]; 80 19 The fourth antisymmetric steady solution of (135),L = 38.5 , ν = 1 . (a) u, u_x projection in the 3-d phase space of (139); (b) The profile of the same orbit on the interval [0, L]; 81 20 The fifth antisymmetric steady solutions of (135),L = 38.5 , ν = 1 . (a) u, u_x projection in the 3-d phase space of (139); (b) The profile of the same orbit on the interval [0, L]; 81 21 A sketch of the bifurcation diagram of the KSe in the antisymmetric solution space with periodic boundary conditions. The system size L is the bifurcation parameter. 83 22 Large scale space-time evolution of the KSe in the full solution space with periodic boundary condition, 512 Fourier modes truncation, L = 400 , ν = 1. 84 23 (a) a_1, a_2 projection of a typical phase orbit of (135); (b) a_3, a_4 projection of the same orbit; L = 38.5 , ν = 1 , 16 Fourier modes truncation. 85 24 The spatial structure of u(x, t) at a point on S_R, L = 38.5 , ν = 1 , 16 Fourier modes truncation: (a) u , u_x representation of the state; (b) Spatial profile of the same state. 86 25 The spatial structure of u(x, t) at a point on S_C , L = 38.5 , ν = 1 , 16 Fourier modes truncation: (a) u , u_x representation of the state; (b) Spatial profile of the same state. 86 26 The spatial structure of u(x, t) at a point on the transition line from S_R to S_C , L = 38.5 , ν = 1 , 16 Fourier modes truncation: (a) u , u_x representation of the state; (b) Spatial profile of the same state. 87 27 The shortest periodic orbit p_C in S_C , T = 25.6356 , L = 38.5 , ν = 1 . (a) a_1 , a_2 Fourier modes projection of the orbit; (b) a_3 , a_4 projection of the same orbit. 87 28 The first shortest periodic orbit p_{R1} in S_R, T = 20.0229 , L = 38.5 , ν = 1 . (a) a_1 , a_2 Fourier modes projection of the orbit; (b) a_3 , a_4 projection of the same orbit. 88 29 The second shortest periodic orbit p_{R2} in S_R, T = 12.0798 , L = 38.5 , ν = 1 . (a) a_1 , a_2 Fourier modes projection of the orbit; (b) a_3 , a_4 projection of the same orbit. 88

30 The unstable manifold of p_C and its first iteration on the Poincaré section a_1 = 0. (a) a_2 , a_3 projection of the unstable manifold on the Poincaré section; (b) One Poincaré iteration of the unstable manifold projected to a_2 , a_3 components. 89 31 The unstable manifold of p_{R2} and its first iteration on the Poincaré section a_4 = −0.122. (a) a_2 , a_3 projection of the unstable manifold on the Poincaré section; (b) One Poincaré iteration of the unstable manifold projected to a_2 , a_3 components. 89 32 The return maps on the Poincaré sections using the intrinsic coordinates. (a) The return map for p_C on a_1 = 0; (b) The return map for p_{R2} on a_4 = −0.122. 90 33 An attracting cycle of the KSe near S_R with the period T = 40.0565 in the antisymmetric solution space with periodic boundary condition; L = 38.5 and ν = 1. (a) a_1 , a_2 Fourier modes projection of the UPO; (b) a_3 , a_4 Fourier modes projection of the UPO. 90 34 A UPO of the KSe on S_R with the period T = 60.1112 in the antisymmetric solution space with periodic boundary condition; L = 38.5 and ν = 1. (a) a_1 , a_2 Fourier modes projection of the UPO; (b) a_3 , a_4 Fourier modes projection of the UPO. 91 35 A non-symmetric UPO of the KSe on S_C with the period T = 81.3345 in the antisymmetric solution space with periodic boundary condition; L = 38.5 and ν = 1. (a) a_1 , a_2 Fourier modes projection of the UPO; (b) a_3 , a_4 Fourier modes projection of the UPO. 91 36 A symmetric UPO of the KSe on S_R with the period T = 77.4483 in the antisymmetric solution space with periodic boundary condition; L = 38.5 and ν = 1. (a) a_1 , a_2 Fourier modes projection of the UPO; (b) a_3 , a_4 Fourier modes projection of the UPO. 92

Abbreviations and Synonyms

SIS: Strange Invariant Set, an invariant set that has a fractal dimension. UPO: Unstable Periodic Orbit. cycle: a periodic orbit.

PDE: Partial Differential Equation. ODE: Ordinary Differential Equation. KSe: Kuramoto-Sivashinsky equation. CGLe: Complex Ginzburg-Landau equation. NSe: Navier-Stokes equation

SUMMARY

We propose a dynamical systems approach to study of turbulence (spatiotemporal chaos) based on the periodic orbit theory. The role of recurrent patterns and coherent structures is emphasized in the description. After a brief review of the periodic orbit theory in low dimensions, we discuss its possible application to the dynamics of spatially extended systems. The discussion is three-fold. First, we introduce a novel variational scheme for finding periodic orbits in general flows. Second, we check the periodic structures near the first instability of the complex Ginzburg-Landau equation and talk about its role in pattern formation. Third, we discuss the extensive numerical explorations that we have done to the Kuramoto-Sivashinsky system in the chaotic regime, including searching for periodic orbits, constructing symbolic dynamics and describing the chaotic invariant set in terms of intrinsic coordinates. In these investigations, we hope to identify and rank the nonlinear instabilities according to their relative importance.